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L. x=1+4t , y=5-2t , 2<t<3

(a)

t -2 -1 0 1 2 3
x -1 0 1 2 4
b 9 7 5 3 1 -1

(b) x=l+t=1t=x-1=y=5-2(x-1),s0 y=2x+7 , - 1< x<4.
y
{1, 9)\
=2
(1,5) t=1

3,1) t=2

\\(4,—1) t=3x

2. x=2cost , y=t-cost ,0<tr<2m

L)

t 0 |7/2 T 371/2 27
x [2 10 -2 0 2
y |1 |7/2 T+1 32 2m—1
1.57 4.14 4.71 5.28
<»—/‘I;ifn
N ¢
=0
2,—1)
. 2
3.x=5sint ,y=t , 1<t<m
t | /2 0 |7/2 T
x |0 ) 0 |5 0
U /4 S M
9.87 2.47 2.47 9.87
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t=%7 (0,79

t=0 (0,0 x

- t
4. x=e +t,y=e-t, 2<t<2

t |2 -1 1 2
2 = -1 2
Yl 2 i712 e +1 e +2
5.39 ' 1.37 2.14
) -1 - 2
Y ole 42 e +1 i712 e 2
2.14 1.37 ' 5.39
y

1==2

5. x=3t-5, y=2t+1
(a)

t 12 1[0 [1 [2[3]4
x |11 [8[5F2]114]7

vy I3 L1 3 |5[7]9

L=

1 1
(b) x=3t-5=3t=x+5=1= 3 (x+5)= y=2- 3 (x+5)+1 ,s0 y=

y

8,1 of o«

t=~1

6. x=1+1 , y=5-2t , 2<t<3

2 13
3X+3.
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(a)

t -2 -1 o 1 [ 3
x -1 0 1 P 4
b 9 7 5 3 It |1

(b) x=l+t=1t=x-1=y=5-2(x-1),s0 y=2x+7 , - 1< x<4.

y
=19
1=-2

(1,5) t=1

3,1) t=2

\\(4,—1) t=3x

2
7.x=t 2,y=52t,3<t<4

L)

(a)

t -3 -2 -1 0 1 2 3 4
X 7 2 -1 -2 -1 7 14
W 11 9 7 5 3 1 —1 -3

1 1 2 1 2
(b) y=52t=2t=5-y=1t= 5 S-y)=x= 5 G-y | 2,s0x= :l G-y 2, 3<y<11.
A /’(7,1“
t=-3
(=2, 5} <
t=0
\\/ ’
(4 ih (4,3
2
8. x=1+431, y=2-1
(a)
t -3 -2 -1 0 1 2 3
-8 -5 -2 1 4 7 10
y -7 -2 1 2 1 -2 -7
2

(b) x=1+3t=1= % (x-1)= y=2|: % (x-1)

1
0y g 1) 42 .
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9.(a) x=y1 ,y=11

t 0 1 2 3 4
X 0 1.414 1.732 2
y 1 -1 —2 -3
2 2
(b) x=\ﬁ , => t=x = y=l-1=1-x .
Sincet>0,x>0
y{ 0, 1) 1=0
(1,0) =1
0 X
(2,-3) t=4
2 3
10. (@) x=t , y=t
t —2 -1 0 1 2
X 4 1 0 4
y -8 -1 0 1 8
2 273

(b) y=r'=1=3 y:>x=t2=(§\5) =y
teR,yeR,x>0.
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=10 (].,1)1=1

i
(L, =1 r=—1

4, —-8)
f= =2

2 2 2 2
11. (@) x=sin@ , y=cosf ,0<0<m .x +y =sin d+cos =1 . Since 0<0 <7 ,we havesind >0,
sox>0.

y

(0’ l)‘\
OJ X

(b)

12. (@) x=4cos0O , y=5sin0 , 71/2<0<7/2.

< i ) +< %) > =cos O+sin 0=1, which is an ellipse with x —intercepts (4+4,0) and y —intercepts

(0,45) . We obtain the portion of the ellipse with x> 0 since 4cos 0 > 0 for -71/2<0 <7/2 .

¥

(0, 5)
\(4. 0)
0 j X

® O

2 2 2 2
13. (a) x=sin 6 , y=cos 0 .x+y=sin O+cos 0=1,0<x<1.Note that the curve is at (0,1)

T
whenever 0 =7n and is at (1,0) whenever 0 = on for every integer n .

y
0, 1)

N

(b) 0 (1,0) x
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s T2 2 2 2
14. (a) x=sec 6 , y=tan 0 ,f—<9<§ .x —y=sec f-tan =1 ,x>1,

2
,2
orx=\y+l .

y

A7 a0
yal

(b)

15. (a) x=et , y=e_t

y=1/et=1/x , x>0

¥y

(b) 0 X

16. (a) x=Int , y={t ,1>1.

X x/2
x=Int=t=e = y=\ﬁ=e , x>0
y

©.1)

(b) :

17. (a) x=cosh ¢ , y=sinh t,

2 2 2 .2
x —y =cosh 7-sinh =1 ,x>1

by

iVl
.

(b)
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18. (@) x=1+cosb =cosf=x-1.
y=2cos 8 -1=2(x-1)-1=2x-3 , 0< x< 2.
y

/ (2,1) 8= 2nw

0
/L
0,-3) 6=@n+ 1w

2 2 2 L2 ) ) )
19. x +y =cos mt+sin 7mt=1,1<¢< 2, so the particle moves counterclockwise along the circle

(b)

2 2
x +y =1 from (-1,0) to (1,0) , along the lower half of the circle.

2 2 2 .2 . o
20. (x-2) +(y-3) =cos t+sin =1, so the motion takes place on a unit circle centered at (2,3) . As ¢
goes from 0 to 277 , the particle makes one complete counterclockwise rotation around the circle,
starting and ending at (3,3) .

271 \? 2 2
21. ( > x> +< = y> =sin r+cos t=1, so the particle moves once clockwise along the ellipse

3
1 21 2
1579 =1, starting and ending at (0,3) .

2 2 2
22. x=cos t=y , so the particle moves along the parabola x=y . As ¢ goes from O to 477 , the particle
moves from (1,1) down to (1,-1) (at = ), back up to (1,1) again (at t=27 ), and then repeats this
entire cycle between t=27 and r=4s7 .

23. We must have 1< x<4 and 2< y< 3. So the graph of the curve must be contained in the
rectangle [1,4] by [2,3] .

24. (a) From the first graph, we have 1< x<?2 . From the second graph, we have -1< y< 1. The only
choice that satisfies either of those conditions is III.

(b) From the first graph, the values of x cycle through the values from -2 to 2 four times. From the
second graph, the values of y cycle through the values from -2 to 2 six times. Choice I satisfies these
conditions.

(¢) From the first graph, the values of x cycle through the values from -2 to 2 three times. From the
second graph, we have 0< y<2 . Choice IV satisfies these conditions.

(d) From the first graph, the values of x cycle through the values from -2 to 2 two times. From the
second graph, the values of y do the same thing. Choice II satisfies these conditions.
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25. When 1=-1, (x,y)=(0,-1) . As ¢ increases to 0 , x decreases to —1 and y increases to 0 . As ¢
increases from O to 1 , x increases to 0 and y increases to 1 . As ¢ increases beyond 1 , both x and y
increase. For r<-1 , x is positive and decreasing and y is negative and increasing. We could achieve
greater accuracy by estimating x — and y —values for selected values of ¢ from the given graphs and
plotting the corresponding points.

¥ /
/ 0,1) r=1

~1,0) .
=0 (\0,\—1) =1

26. Fort<-1, x is positive and decreasing, while y is negative and increasing (these points are in
Quadrant IV). When t=-1, (x,y)=(0,0) and, as 7 increases from ~1 to 0 , x becomes negative and y
increases from 0 to 1 .

Atr=0, (x,y)=(0,1) and, as ¢ increases from 0 to 1 , y decreases from 1 to 0 and x is positive. At
t=1,(x,y)=(0,0) again, so the loop is completed. For >1 , x and y both become large negative. This
enables us to draw a rough sketch. We could achieve greater accuracy by estimating x — and y —values
for selected values of ¢ from the given graphs and plotting the corresponding points.

y

. . 1
27. When =0 we see that x=0 and y=0, so the curve starts at the origin. As ¢ increases from 0 to 5 ,
the graphs show that y increases from 0 to 1 while x increases from 0 to 1 , decreases to 0 and to -1 ,

) ) ) .. ) 1
then increases back to 0 , so we arrive at the point (0,1) . Similarly, as 7 increases from 5 tol,y

decreases from 1 to 0 while x repeats its

’ 1
1'72

pattern, and we arrive back at the origin. We could achieve greater accuracy by estimating x — and y —
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values for selected values of 7 from the given graphs and plotting the corresponding points.

28. (a) Note that as r— oo , we have x— —0c0 and y— oo , whereas when t— oo , both x and y— oo .
This description fits only IV.
(b) Note that as t— + oo , y— oo . This is only the case with VI.
(¢) If =0, then (x,y)=(sin 0,sin 0)=(0,0) . Also, |x|=]|sin 37| <1 forall ¢, and | y|=|sin 47| < 1 for all
t . The only graph which includes the point (0,0) and which has |x|<1 and |y|<1,is V.
(d) Note that as t— —oo , both x and y— -0 , and as t— oo , both x and y— oo . This description fits
only III. (Also note that, since sin 2¢ and sin 3¢ lie between ~1 and 1 , the curve never strays very far
from the line y=x .)
(e) Note that both x(¢) and y(¢) are periodic with period 277 and satisfy |x|<1 and |y|< 1 . Now the
only y- intercepts occur when x=sin (z+sin #)=0<=0 or 77 . So there should be two y- intercepts:
y(0)=cos 1~0.54 and y(7r)=cos (7-1)~-0.54 . Similarly, there should be two x- intercepts:

T ) T 3 . 3 .
X < 5 >=s1n < ) +1 ) ~0.54 and x < > >=s1n < > -1 ) ~—0.54 . The only curve with these x—
and y- intercepts is 1.
(f) Note that x(z) is periodic with period 27 , so the only y- intercepts occur when x=cos =0«

7T

3 . : .
1= 5 o . Also, the graph is symmetric about the x— axis, since

y(-t)=sin (—t+sin 5(-))=sin (—#-sin 5¢)=-sin (r+sin 5¢)=—y(¢) , and x(—1)=cos (-t)=cos r=x(t) . The
only graph which has only two y— intercepts, and is symmetric about the x— axis, is IL.

35
29. As in Example 5, we let y=t and x=t-3¢ + and use a t —interval of [-27,27] .
3

r N

-3

5 2 ) . . .
30. We use x =yt and x2=t(t71) L Y,=t with -271 << 27 . There are 3 points of intersection;

(0,0) is fairly obvious. The point in quadrant III is approximately (-0.8,-0.4) and the point in
quadrant I is approximately (1.1,1.8) .
3

wil

-3

31.(a) x=x 1+(x2—x1)t , Y=Y 1+(yz—yl)t ,0<t< 1. Clearly the curve passes through P | (x Y 1) when
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t=0 and through P2 (xz,y2> when =1 . For O<t<1 , x is strictly between x . and X, and y is strictly

Y

between y . and Yy - For every value of ¢ , x and y satisfy the relation y-y = (x—x 1) , which is

X X
271
the equation of the line through P | (x oY 1) and P2 (xz,yz) .
yy, XX
IR

the given parametric equations yield the point (x,y) ; and any (X,y) on the line between P X (x oY 1)

Finally, any point (x,y) on that line satisfies ; if we call that common value 7 , then

and P2 (xz,yz) yields a value of 7 in [0,1] . So the given parametric equations exactly specify the line

segment from P1 (xl,yl) to P2 (xz,y2> .
(b) x="24[3-(-2)]t=-245¢t and y=7+(-1-7)t=7-8t for 0<t<1 .

32. For the side of the triangle from A to B , use (xl,y1)=( 1,1) and (xz,y2)=(4,2) . Hence, the

equations are x=x1+(x2—x1)t=1+(4—1)t=1+3t , y=y1+<y2—y1)t=1+(2—1)t=1+t . Graphing x=1+43¢ and

y=1+t with 0<7<1 gives us the side of the triangle from A to B . Similarly, for the side BC we use
x=4-3¢ and y=2+3¢ , and for the side AC we use x=1 and y=1+4¢ .
6

0 6

2 2
33. The circle x +y =4 can be represented parametrically by x=2cos ¢ , y=2sint ; 0<7< 27 . The

. 2 2 . . . .
circle x +(y-1) =4 can be represented by x=2cos ¢ , y=1+2sin ¢ ; 0< < 27 . This representation gives
us the circle with a counterclockwise orientation starting at (2,1) .

(a) To get a clockwise orientation, we could change the equations to x=2cost , y=1-2sint , 0<t< 27

(b) To get three times around in the counterclockwise direction, we use the original equations
x=2cost , y=1+42sin ¢ with the domain expanded to 0<tr< 67 .

. . . . . T
(c) To start at (0,3) using the original equations, we must have x 1=0 ; that 1s, 2cos =0 . Hence, t= =

2
. T 3
. So we use x=2cost , y=1+2sin¢ ; 5 <t< 7 .
Alternatively, if we want ¢ to start at O , we could change the equations of the curve. For example, we

could use x=-2sint , y=1+2cost,0<t<m .
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34.

fo

2] 2 2 212 2
35.(a) Let x / a =sin t andy / b =cos t to obtain x=asin ¢ and y=bcos t with 0<t< 27 as

202 22
possible parametric equations for the ellipse x / a +y / b =1.

(b) The equations are x=3sin ¢ and y=bcos ¢ for be {1,2,4,8} .
8

(¢) As b increases, the ellipse stretches vertically.

36. The possible parametrizations of the curve y=x3 include
(1) x=t , y=t 1€ R

(2) x=-t, y=43 ,IER

3) x=t+1 , y=(1+1)" , 1€ R

7
37. The case > <6 <7 is illustrated. C has coordinates (0 ,r) as in Example 6, and Q has coordinates

(r@ ;r+rcos (m-0))=(r0 ,r(1-cos 0)) , so P has coordinates
(r@-rsin (-0 ),r(1-cos 0 ))=(r(@-sin 0 ),r(1-cos 0)) . Again we have the parametric equations
x=r(@-sin6f), y=r(1-cosf) .
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3
38. The first two diagrams depict the case 7<0 < —— , d<r . As in Example 6, C has coordinates

2
(ré r) .
Now Q (in the second diagram) has coordinates (r0 ,r+dcos (0 -))=(r@ ,r—dcos 0 ) , so a typical point
P of the trochoid has coordinates (r6 +dsin (60 —7),r—dcos @) . That is, P has coordinates (x,y) , where
x=rf—-dsin 0 and y=r-dcos 8 . When d=r , these equations agree with those of the cycloid.

¥

%

T 2 5 & 5 U7 =

39. It is apparent that x=|0Q| and y=|QP|=|ST| . From the diagram, x=|0Q|=acos 6 and
y=|ST|=bsin 6 . Thus, the parametric equations are x=acos 0 and y=bsin 0 . To eliminate 0 we

2 2
rearrange: sin 0 =y/b=-sin 0=(y/b)  and

2 2 2 2 2.2 2.2
cos 0 =x/a=cos O=(x/a) .Adding the two equations: sin 6+cos 6=I1=x /a +y /b . Thus, we have
an ellipse.
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40. A has coordinates (acos 0 ,asin 6 ) . Since OA is perpendicular to AB , AOAB is a right triangle
and B has coordinates (asec 0,0) . It follows that P has coordinates (asec 6 ,bsin 6 ) . Thus, the
parametric equations are x=asec 8 , y=bsin 0 .

41. C=(2acot 6 ,2a) , so the x- coordinate of P is x=2acot0 . Let B=(0,2a) . Then Z/ OAB is a right
angle and Z/ OBA=0 , so |OA|=2asin 0 and A=((2asin 0 )cos 0,(2asin 0 )sin ) . Thus, the y-

. . . 2
coordinate of P is y=2asin 0 .
y

2a

(0] | x

2
42. Let 0 be the angle of inclination of segment OP . Then |OB| = ﬁ . Let C=(2a,0) . Then by

use of right triangle OAC we see that |OA| =2acos 6 . Now

1
loP| = |AB|=IOB|—|0A|=2a< —cos@)
cosd

2 2

1-cos O sin 0
=2a

cosd cosd

= 2a =2asindtan 0

2 2
So P has coordinates x=2asin 0 tan 6 - cos € =2asin 6 and y=2asin 6 tan 8 - sin 0 =2asin ftang .

y

3a
2a
a

'a X
a
—2a x=2a
—3a

43. (a)
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[Res=
1
There are 2;;)0ints of intersection:

(-3,0) and approximately (-2.1,1.4) .

(b) A collision point occurs when x =, and y =, for the same 7 . So solve the equations:

3sint =-3+4cost (1)
2cost =l+sint  (2)

From (2) , sin t=2cos -1 . Substituting into (1) , we get 3(2cos t—1)=-3+cos t=

3 3
5cost=0 ( * ) =cost=0=t= % or 7” . We check that = 77r satisfies (1) and (2) but r= % does

3
not. So the only collision point occurs when = B and this gives the point (-3,0) .

(c) The circle is centered at (3,1) instead of (-3,1) . There are still 2 intersection points: (3,0) and

6
(2.1,1.4) , but there are no collision points, since ( * ) in part (b) becomes 5cos r=6=> cos 1= g >1 .

44. (a) If =30 and v 0=500 m / s, then the equations become x=(500cos 300)t=250 ﬁ t and

0 1
y=(5003in 30 ) = 5 (9.8)t2=250t—4.9t2 . y=0 when =0 (when the gun is fired) and again when

250

250
1= 4—9 ~51 s. Then x=(250\I§ ) < 4—9 > ~22 ,092 m, so the bullet hits the ground about 22 km

from the gun.
The formula for y is quadratic in ¢ . To find the maximum y —value, we will complete the square:

2 2 2

2 250 2 250 /125 \2] 125 125 \2 125 125

y=49 (t 49 t>=_4'9 [f 49 ”( 49 > }+ 29 =+ (t_ 49 > 749 = 49
2

125
with equality when = 19 580 the maximum height attained is 79~ 3189 m.

14,000




Stewart Calculus ET 5e 0534393217, 10. Parametric Equations and Polar Coordinates; 10.1 Curves Defined by Parametric Equations

Asa ( 0 <a <90 ) increases up to 45 , the projectile attains a greater height and a greater range. As

[e]
« increases past 45 , the projectile attains a greater height, but its range decreases.

(¢) x=(v Cos & N=t=

vV COS &
0

1 2 X X 2 2
y=(rsina)r 5 gt = y=(vsina) —— - § boosa ) Tlana)x % *, which
V,Cos a VoS & 2vocos o

is the equation of a parabola (quadratic in x ).

45. x=t2,y=t3fct . We use a graphing device to produce the graphs for various values of ¢ with
—-m<t<7 . Note that all the members of the family are symmetric about the x— axis. For ¢<0 , the
graph does not cross itself, but for ¢=0 it has a cusp at (0,0) and for ¢>0 the graph crosses itself at
x=c , so the loop grows larger as c increases.

3

-3

—

-1

46. x=2ctf4t3,y=fct2+3t4 . We use a graphing device to produce the graphs for various values of ¢
with -7<¢t<7 . Note that all the members of the family are symmetric about the y— axis. When ¢<0
, the graph resembles that of a polynomial of even degree, but when ¢=0 there is a corner at the
origin, and when ¢>0 , the graph crosses itself at the origin, and has two cusps below the x— axis. The

size of the ‘‘swallowtail’” increases as ¢ increases.
5 c=72
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47. Note that all the Lissajous figures are symmetric about the x— axis. The parameters a and b simply
stretch the graph in the x- and y- directions respectively. For a=b=n=1 the graph is simply a circle
with radius 1 . For n=2 the graph crosses itself at the origin and there are loops above and below the
x— axis. In general, the figures have n-1 points of intersection, all of which are on the y- axis, and a
total of n closed loops.

n=3
=2
L
11
y
- (a, b) =13, 2
St (@b =2 1)
2.1
L @by =@2.3)
»»»»» (a,b)=(3,2)

3.1

n=3

48. We use -1 <t< 7 in the viewing rectangle [-4,2]x[-3,3] . We first observe that for c=0 , we

) ) ) 1 .1 ) )
obtain a circle with center <— 5 ,O> and radius 5 . As the value of ¢ increases, there is a larger

outer loop and a smaller inner loop until c=1 , when we obtain a curve with a dent (called a cardioid
). As c increases, we get a curve with a dimple (called a limacon ) until c=2 . For ¢>2 , we have
convex limacons. For negative values of ¢ , we obtain the same graphs as for positive ¢ , but with
different values of ¢ corresponding to the points on the curve.
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683
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3 dy dx dy dyldt -5
l.x=tt ,y=2-5t= — =35, — =1- 3 and — = = or
dt dt dx dx/dt 173t2 3t271
t
ot dy dx 1 1 @_dy/dt_1+e
2. x=te , y=t+e = I —l+e T =te +e , and o dodi - 1 1
te +e
2
4 3 dy 2 dx 3 dy _dyldr 3t +1
3.x=t +1, y=t +t ;t="1. o =3t +1, g = san nd T dodi -3

4

4
When r=-1, (x,y)=(2,-2) and dy/dx= i 1 , so an equation of the tangent to the curve at the point

corresponding to r=-1 is y(-2)=(-1)(x-2) , or y=—x .

2
r 2 A3 g B2 A dy _dyldr ¢ 1 _ _
4. x=2t +1 , y= 301 ;=3 . 0 -1, ” =4t , and dx_dx/dt =1 . When =3, (x,y)=(19,6)
8 2 2 20
and dy/a’)c=1—2 =3 »soan equation of the tangent line is y-6= 7 (x 19), or =353
yt 2 d 2 2 d ' dy dyldt 1-2/t 2t 2t-4
t — .
5.x=¢V' | y=t It ;1=1. Ef:l——;ﬂ—; , —’:=§—\I_ and j:di/dﬁ " 5= t\f
t
t ! e /(Z\I;) \I;e
d 2
. When =1, (x,y)=(e,1) and d_z =~ »soan equation of the tangent line is y-1=- p (x-e),or

2
y="7 x+3.

dy dyldf  cos6f-2sin 20
dx ~ dx/d0 ~ —sin 6 +2cos 20

6. x=cos 0 +sin 20 , y=sin 6 +cos 26 ;6=0. . When 0=0, (x,y)=(1,1)

and dyl/dx= =

1 1 1
5 so an equation of the tangent to the curve is y-1= 5 (x-1),0or y== x+ =

2727

dy dx dy dyldi (-
7. (@) x=¢ ,y=(t 1)": (1L1). Lo 1, —=et,a g o 20

dt dx dx/dt o
d
At (1,1) , =0 and d—i) =-2, so an equation of the tangent is y-1=-2(x-1) , or y=2x+3 .
2 2 d 1 d
(b) x=¢ = t=In x ,80 y=(t-1) =(Inx-1) and fc =2(In x1)< B ) . When x=1 , d_ic) =2(-1)(1)=-"2

so an equation of the tangent is y=-2x+3 , as in part (a).
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dy dyldd secOtanf tand
Hﬁ “dx  dxldo sec 20 “secd

When (x,y)=( l,ﬁ ) ,0= % (or % +27n for some integer n ), so dy/dx=sin z =ﬁ /2 . Thus, an

equation of the tangent to the curve is y—\l_ \I_ 2 (x 1), ory= \I_ 12) x+ \l_ 12

(b) tan 9+1 sec 9:>x +1—y SO Zc(x +1)—— (y )=2x=2y dy

8.(a) x=tan@ , y=secO ; (

d 1 2
When (x,y) 1 \I_ z = f} = —2 = 32[ , SO an equation of the tangent is y—ﬁ=(\l§/2) (x-1),as

in part (a).

\I_ ! dy dyldi  2cost  cost
“dx  dxldt  2-2cos2t 2cos 2t

A

9. x=2sin 2t , y=2sint ; . The point (ﬁ,l) corresponds to

cos =
m o 6 2 3 ,
1= 6 5O the slope of the tangent at that point is =T =5 - An equation of the tangent
2cos 3 2 5

is therefore (y-1)= ﬁ (xf\lg) , Or y= ﬁ x-

V3,1

-2.5

10. x=sin ¢ , y=sin (t+sin¢) ; (0,0) .

dy dyldt cos (r+sint)(1+cos 1)
dx  dxldt cos t

=(sec r+1)cos (t+sin 1)

Note that there are two tangents at the point (0,0) , since both =0 and r=r correspond to the origin.
The tangent corresponding to =0 has slope (sec 0+1)cos (0+sin 0)=2cos 0=2 , and its equation is
y=2x . The tangent corresponding to r=7r has slope (sec 77+1)cos (7r+sin 71)=0 , so it is the x— axis.
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2
dy dyldt 2t+3t 3
. y _aydl =l+=-r=

2 2
11. x=441 ,y=t +t = o dddi = o1 5
Lo <d_y>_d(dy/dxydt_(d/dt)<1+2t> S22y .U when 2250 ,
2 de \ax )T dudt T 2t T T4 necuvesLwhen =) 20, Hha
dx dx
is, when >0 .
dy dyldt 2t
12, x=t" 121, y=t* 1= d—y=dy/d 2
Xoaxdr 3 g
2
d dy (3t —12)- 2-2t(61)
2 — (— > 2 .2 2 2 2
dy_ dr \ dx (3t -12) 61 24 6 +4) 2(t +4) ,
—, = Dx/d = > = 2T 3, 3o 5 . Thus, the curve is CU
dx 312 Gi 12y 34 94
when t2—4<0:> || <2= —2<1<2 .
t 1
13. x=t—e , y=t+e =
t
L1l d [ dy d
dy dyldt 1-¢' ! : ¢ dy  di \ dx al¢)
ay _ 4 _ e _ e _ _y_ _ _ e .
de - dvldt = o= - =€ = 5 = Ixdr = Iad - . . The curve is CU
l-e l-e l-e dx l-e

when et<1:>t<0 .
dy dyldt 1-1/t -1 2
dy dyldi 1 lr_tl_ 2

Mhomtn g y=t It = = a1t = 1

1+l 2/(t+1
dy = di d = di s = f+]) = 2 , so the curve is CU for all 7 in its domain,
2 dx/dt 1+1/t (t+1)/t 3
dx (7+1)
that is, >0 .

15. x=2sint , y=3cost , O<t<27 .
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L (D) 1
dy _dyldi _ 3sint 3 o dy_di\d) 270 3 3
dx _dxdi ~ 2cost 2 Ant»so dx2 =T dddt . 2cost | 4°¢C L.
) 3 T 3
The curve i1s CU when sec t<0=-sec t<0=- cos t<0= 5 <t< 7 .
dy dyldt —sint sin t 1 1
16. x=cos 21 , y=cost, O<r<r . dx duldi - 2sin2t 2 2sinzcoss  dcost 4ol %0

2 i (@> lsecttant
dt d 4 3 3
d_y = X/ _ = — sec t. The curve is CU when sec t<0=>sec t<0= cos t<0=

2 dx/dt ~ —4sintcost 16
dx

s

= << .
2

2 3
17. x=10-t , y=t 12t .

dy/dt=3t2—12=3(t+2)(t—2) , 80 dyldt=0&1=12< (x,y)=(6,F16) . dx/dt="2t , so dx/dt=0<1=0<
(x,y)=(10,0) . The curve has horizontal tangents at (6,4 16) and a vertical tangent at (10,0) .

{6.16) t=-2
2

0 P
¥
[\//\/]/(10,0; 1=0
-7 13
=2,0)
= :2\;‘3

X

(6,—16) t=2

3.2 3 2
18. x=2t +3¢r —12¢t , y=2¢ +3¢ +1 .

dyldi=61 +61=61(1+1) , 50 dyldi=031=0 or 1< (x,y)=(0,1) or (13,2) . dx/di=61 +61-12=6(+2)(t-1) ,
so dx/dt=0<1t=-2 or 1<

40

7.8 l ( .1 {13,2)
t=0 t=-~1
-10 25
t /) \i\(zo, =3)
=-2

-20

(x,y)=(20,-3) or (-7,6) . The curve has horizontal tangents at (0,1) and (13,2) , and vertical
tangents at (20,-3) and (-7,6) .
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19. x=2cos 8 , y=sin 260 .

dyldf =2cos 20 , so dyldd =020 = % +n7 ( n an integer) <60 = Z + 5 ns i\I_ + 1 . Also,

dx/d0=-2sin 0 , s0 dx/d0 =0<0 =n7 < (X,y)=(%2,0) . The curve has horizontal tangents at
(iﬁ,i 1) (four points), and vertical tangents at (+2,0) .

e——+2mr 2, u (Ju o=TF+2mw

[ /1/(2 0) o=2nm
—2.5
g=Q2n+)iw

8=3%«I~2mr 2, —1) ’2 -1y g=17 T T+ 2nm

20. x=cos 36 , y=2sin 0 . dy/d6 =2cos 0 , so dy/d6 =0<6 = 5 +n7 (n an integer) < (x,y)=(0,£2) .

Also, dx/d0=-3sin 30 , so dx/d0 =0&30=nm <0= % ne (x,y)=(+1,0) or i 1 iﬁ . The curve
has horizontal tangents at (O,i 2) , and vertical tangents at (+1,0) , (£1, \I_ ) and (+1 \[_

0,2 9——+2mr

133) o=Z +2nm (1y3) o=2E + 207
(~1,0) 8= m+ 20w {1.0) 6= 207
-15 L5
1.~V3) =3 +2mlr~\<:\ ;4{1, V3) 6= + 2nm
N

4 2
21. From the graph, it appears that the leftmost point on the curve x=t ¢ , y=t+Int is about
(-0.25,0.36) . To find the exact coordinates, we find the value of ¢ for which the graph has a vertical

3 2 1
tangent, that is, O=dx/dt=4t" 2t &2t (2t 71)=0<:>2r (Y27+1) (Y2 7-1)=01=0 or + E . The
negative and 0 roots are inadmissible since y(¢) is only defined for >0 , so the leftmost point must be

((& ) (EDAE) () amg)-Cig o)
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22. The curve is symmetric about the line y=-x since replacing ¢ with ¢ has the effect of replacing
(x,y) with (-y,~x) , so if we can find the highest point (xh,yh) , then the leftmost point is

o . : : t
(xl,yl) =(fyh,th) . After carefully zooming in, we estimate that the highest point on the curve x=te ,

y=te ' is about (2.7,0.37) .
i

T
-1 5

22! : 33
0.366

To find the exact coordinates of the highest point, we find the value of ¢ for which the curve has a
horizontal tangent, that is, dy/dt=0¢>t(—e_t)+e_t=0¢>(l—t)e_t=0¢>t=1 . This corresponds to the point
(x(1),y(1))=(e,1/e) . To find the leftmost point, we find the value of ¢ for which O=dx/di=te +¢
(1+t)et=0<:>t=fl . This corresponds to the point (x(-1),y(-1))=(-1/e,~¢) . Ast——c0 , x(t)=tet—> 0 by
I’Hospital’s Rule and y(t)=te_t—> —00 , so the y— axis is an asymptote. As f— oo , x(#)— oo and

+ .. :
¥()— 0 , so the x— axis is the other asymptote. The asymptotes can also be determined from the
graph, if we use a larger ¢ —interval.

4 3 2 3
23. We graph the curve x=t -2t -2t , y=t —t in the viewing rectangle [-2,1.1] by [-0.5,0.5] . This
rectangle corresponds approximately to 7€ [-1,0.8] . We estimate that the curve has horizontal
tangents at about
4.5

—(.5
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> h N
~8.5 | SE
1

(-1,-0.4) and (-0.17,0.39) and vertical tangents at about (0,0) and (-0.19,0.37) . We calculate
dy dyldi 31

dx dx/dt 4 t3—6 t27 4
horizontal tangents are shown in our graph. The vertical tangents occur when dx/dt=2t(2t2—3t—2)=0<:>

1
2t2t+1)(t—2)=0<1=0 , - 5

plot the curve on the - interval [-1.2,2.2] we see that there is another vertical tangent at (-8,6) .

2 1
. The horizontal tangents occur when dy/dt=3t ~1=0<t=+ —= , so both
3
or 2 . It seems that we have missed one vertical tangent, and indeed if we

24. We graph the curve =t 418t , y=2t2—t in the viewing rectangle [-3.7,0.2] by [-0.2,1.4] . It
appears that there is a horizontal tangent at about (-0.4,-0.1) , and vertical tangents at about (-3,1)
and (0,0) .

14

-371 102

~(.2

35

—

----- 130 130
0

dy dyldt 41 1
We calculate d—y = dy a3 5 , so there is a horizontal tangent where dy/dt=4t-1=0<1t= y
S P D [
. This point (the lowest point) is shown in the first graph. There are vertical tangents where
32 2
dx/dt=4t +12t —16t=0<41(t +3t-4)=0<41(t+4)(t-1)=0 . We have missed one vertical tangent
corresponding to t=—4 , and if we plot the graph for € [-5,3] , we see that the curve has another
vertical tangent line at approximately (-128,36) .
d d 2 2
25. x=cost , y=Sintcos f . Z); =-sint , z); =-sin r+cos t=cos 2 . (x,y)=(0,0) & cos t=0<>1 is an odd

multiple of
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ud _Todx_ dy _ dy _ _3m dx_ dy _ dy _
> . When 1= e 1 and 0 1,s0 o =1 . When = > =1 and e 1.So o =1.
Thus, y=x and y=—x are both tangent to the curve at (0,0) .

¥
@O '

2 2
26. x=1-2cos t=-cos 2t , y=(tant)(1-2cos t)=-(tant)cos 2¢ . To find a point where the curve crosses

itself, we look for two values of ¢ that give the same point (x,y) . Call these values ¢ . and t, . Then

2 2 ) _ 2 2 1
cos 1 =Cos t 5 (from the equation for x ) and either tan ¢ 1=tan t, or cos t =¢os t =5 (from the

. . 2 2 . e .
equation for y ). We can satisfy cos €08 1, and tan ¢ Stanz, by choosing ¢ | arbitrarily and taking

t,=t +7 S0 evidently the whole curve is retraced every time ¢ traverses an interval of length 77 .

2 2
) fr =ft , then cos t2=cos tl , but

) ) . T
Thus, we can restrict our attention to the interval < 5 , 5

1 ) T
tanz =-tant, . . This suggests that we try to satisfy the condition cos t =cos t =3 - . Taking ¢ =7

d. d 2
and 7,=- % gives (x,y)=(0,0) for both values of 7 . = _2sin 2 ,and —> =2sin 2rtan 1 cos 2fsec f .

dt ’ dt
_Todx_ dy _ dy _ _Todx_ y_, oD
When t= 1 =2 and 0 =2, S0 T =] . When = 1 =2 and ” =2, dx =-1 . Thus,
the equations of the two tangents at (0,0) are y=x and y=x .
y=-x 7V ,
-1, 0)
v
. dx dy dy dsinf
27.(a) x=r0-dsin6 , y=r-dcoso ; 70 =r—dcos 0 , 70 =dsin @ . So = rdeos 0

(b) If O<d<r , then |dcos 8 | < d<r , so r—dcos 0 >r-d>0 . This shows that dx/d® never vanishes, so
the trochoid can have no vertical tangent if d<r .

3 3
28. x=acos 0 , y=asin 0 .

(a)




Stewart Calculus ET 5e 0534393217, 10. Parametric Equations and Polar Coordinates; 10.2 Calculus with Parametric Curves

d@ CZCOS sin d@ = asm COoSU , SO dx SQ

(b) The tangent is horizontal < dy/dx=0<tan 0 =00 _n7r<:> (x,y)=(£a,0) . The tangent is vertical

—tan 0 .

&cos 0=0<0 is an odd multiple of % & (x,y)=(0,%+a).

(¢) dyldx=%=1&tan 0=+ 140 is an odd multiple of Z & (xy) =< £ a,t £ ) (All sign

choices are valid.)

x> -5, which has slope - —

29. The line with parametric equations x=-7t , y=12t-5 is y=12 < - 7

7
3 2 dy dyldt 12t
The curve x=t +4¢ , y=6¢ has slope @ _aa

12 2
. This equals - = <3t +4="Tt&

dx dx/dt 3t2+4 7
4 208 32
(Gr)+1)=061= Lori= 3 & (xy)=( 5.6) or (_ 0% 2 >
22 A3 d__ @_ 2 @_6_[_ ~
30. x=3¢t +1, y=21 +1, T =61 , i =6t , SO e (even where =0 ).

So at the point corresponding to parameter value ¢ , an equation of the tangent line is
3 2 3 2
y-(2t +1)=t [xf(3t +1)] . If this line is to pass through (4,3) , we must have 3-(2¢ +1)=¢ [47(3t +1)]
3 3 3 2
&2t 2=3t 3ttt 3t+2=0<(1-1) (1++2)=0<1=1 or -2 . Hence, the desired equations are y-3=x-4 ,
or y=x-1 , tangent to the curve at (4,3) , and y-(-15)=-2(x-13), or y=2x+11 , tangent to the curve at
(13,-15) .
31. By symmetry of the ellipse about the x- and y- axes,

0 2 2 n1
A= 4["dx=4|" bsin@ (-asin@)do=4ab|” sin 0 do=4ab|" = (1-cos20)d0
0 /2 0 0o 2
1 /2 T
=2ab|:9-sin29:| =2ab(— >=7rab
2 0 2

1 1
32.t+1/t=2.5<1= 5 or 2 , and for 5 <t<2 ,we have t+1/t<2.5 . x=— % when 1= 5 and x= 5 when
=2 .\

5
a=[" 25 =] /2< §r1/t> (16 )d Le=t VUt dx=(141/1")dr]

2 2
2 5 152 3 -t 5t 5 1
—f1/2<—t+2—2t +51 1 >dt=|: 2 2—21 n |t| - +—2:|1/2

2t
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5 1 1 5 15
< 2+5- 21n2—4+8> < 2 4+21n2 5+2>=4—4ln2
33.
A= Dae=[® (& D sintydi=] " sin-sin 1)di= 1 2
= O(yf )dx= ﬂ/z(ef )(=sin t)dt= 0 (esint—sint)dt= 2e(sm 1—COS 1)+Cos ¢ 0
1 #n
=5 D)

0 3 2 2em/2 4 2
34. By symmetry, A=4fgydx=4fﬂ ,asin "0 (-3acos “0'sin 6)do=12a fg sin @ cos 0d0 . Now
2 1 2 1 2
fsin 49 cos 29 do = fsin 0 < :1 sin 20 )d@: = f(lfcos 20)sin 260 dO

1 1 1
= f|: (1—cos 46 )-sin 29cos29]d9=169 64sm49 13 sin 29+C

A2, 42 1 1 1 oo 2f 7 3 2
sof0 sin ¢ cos 9d9—|: 166 64s1n46’ 48s1n 29]0 =3 . Thus, A=12a <32>—87ra .

35.
2 2 27 2 2 2
A =f Omydx=f Oﬂ(rfdcos 0 )(r—dcos 6 )do =f Oﬁ(r —2drcos 0 +d cos 0)doO

1 1 2T
- [ 20 -2drsin 6+ 5 a < 0+ sin 20 ) ] . i nd

36. (a) By symmetry, the area of is twice the area inside above the x— axis. The top half of the loop is

2 3 3
described by x=t , y=t 3¢, ,\E <t<0, so, using the Substitution Rule with y=¢t -3¢ and dx=2tdrt ,
we find that
3 3 3 3 4 2 25 3173
area = 2 f ydx=2 f ‘I_(z —3:)2zdr=2f "_(2z 6t )dt=2 [ St ]O‘r

=2[ 2 35 5 31/2)3i| I:% (9\13)2(3@)]:2?4\5

(b) Here we use the formula for disks and use the Substitution Rule as in part (a):

volume = nfgyzdxmrf;‘ﬁ(t3—3t)22tdt=27rf_"§(t6—6t4+9t2)tdt

= 27T|: 2_lgt8t6+ Zt4i| O\I_ [ C 31/2)8 C 31/2)6 2( 31/2)4i|
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81 81 27
—27T|: 8—27+4 ]=4ﬂ

(c) By symmetry, the y- coordinate of the centroid is 0 . To find the x- coordinate, we note that it is
the same as the x— coordinate of the centroid of the top half of , the area of which is

1 24
\I_ \B . So, using Formula .3.8 with A— - \I_ we get

12\[_j yx_lzf \[S [%/%;];\I—

127 3 1125 27 27 9
6\5[ A - \r[ 3 -3

9
So the coordinates of the centroid of are (x,y)= ( = ,O> )

/, P (302t dt=—=

>

2 4 3 12
37. x=t-t , y=§t , 1<t<2 . dx/dt=1-2t and dy/dt=2t , so

(dldt) +(dyldey =(1-20) +(21 Y =1 dr+4 +41=1441 . Thus,

b
L=fa\/ (dedr) +(dyldr)” dr=] " 141" dr .

38. x=l4e L y=t" , 3<i<3 . dxldi=¢ and dy/di=21 , 50 (dx/dt) +(dyldt) =¢" +41" . Thus,

b
L=fa\/ (dxldr) +(dyldr) dr=[" 3\/ va dr

39. x=t+cost , y=t-sint , 0<t< 27 . dx/dt=1-sint and dy/dt=1-cost , so

(dxldt) +(dylde)” =(1-sin 1) +(1-cos 1) =(1-2sin r+sin “1)+(1-2c0s 1-+c0s 1)
=3-2sint-2cos t

b 2
Thus, L=/ a\/ (dldr) +(dyldr)’ dr=[ 3 2sint 2cos1 dr .

dx 1 d 1
40. x=Int , y=y1+1 1<t§5.—x=- and—y= , SO
rot dr  24r+1
2

dx \2 [ dy 1 1 t +41+4
7 ) T\ _2+4(t+1) = . Thus,

t 4t (r+1)

2

(t+2) die 5 t+2
@) (1+1) Lot \/”
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2 3 2 2 2 2 4
41. x=1+43t , y=4+2t ,0<t<1 .dx/dt=6t and dy/dt=6t , so (dx/dt) +(dy/dt) =36t +36¢ .
Thus,

! 2 4 1 2 . 2 1 2 3
L= 0\/ 36t +36¢ dr=| 06f\/ 1+ dr=6 u < 2du> [u=1+" , du=2tdt |
2 32702 3
_3[ Ju ]1_2(2 “D=2(2y2-1)
42. x=a(cos 0+9sin ) , y=a(sind-0cos ), 0<0 <.

2 2 2
(dx/d9)2+(dy/d9)2 =a [(—sin9+90039+sin9) +(cos 8 +0sin & —cos 0 ) ]
=a282(c0s %0 +sin 29)=(a9)2

1 27 1 2
Thus, L=/ a6 do al: 50 ]0_2n a
t d -1 d 1
43. x=— , y=In (1+1) ,0<1<2 x_(1+t) 1t1— L and—y—— , SO
1+¢ dt 2 2 dt 1+t
(1+2) (1+1)
dx \2 [ dy\?2 2
<—x > +< =4 ) - + L __1 [1+(1+t)2]=t 2142 . Thus,
dt t 4 2 4 4
(1+¢)  (1+z) (1+1) (1+2)
2 11 t2+2t+2 3 ll 2+1 5[ u2+1 2 ’
u
L= di=| dulu=t+1,du=dt]=| - +In (u+'\/ '+l )
0 2 1 2 u 1
(1+2) u

= - 3@ +In (3+\Il_0)+\l§fln (1+\I§)

44, x=et+e_t , y=5-2t,0<t<3. dx/dt=et—e_t and dy/dt=-2 , so
2 2 2 -2 2 -2 -2
(dx/dt) +(dyldt) =e tf2+e t+4=e t+2+e t=(et+e t) . Thus,

3 - 413 - .
L:fo(€t+€ t)dt:[ et—e t] =e3—e 3—(1—1)=e3—e 3 .

0

t ‘.
45. x=ecost ,y=esint , 0<r<m .

( % >2+< % >2 - [et(cost—sint):|2+[€t(SinHCOSt)]2

_ r\2 2 . 2
= \e CcoS t—2costsinz+sin ¢
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N2 . 2 . 2
+\e sin 7+2sin tcos t+cos ¢

— 2 .2 2t
= e (ZCos 1+2sin t)=2e

Thus, =] 2¢” dz:fﬁﬁédz:ﬁ[et]}ﬁ(eﬂ) .
8

-25 2.5

1
46. x=cos t+In (tan 5 t),y=sint , m/4<t<37/4.

LecXn
d_.x — 1 l. L() — 1 t 1 — 1 l. L
dr = T Tan @) T MM 26in 2)cos 72) ~ ™ Sing

dy dc\?2 [(dy\? . 2
and o =CoSt , SO ( dt> +( dt> =sin 2+

3r/4 /2 ) /2 1 1
szﬂ/4 |cot ] dt=2fﬂ/4cottdt=2[ln | sin ¢#| ]ﬂ/4=2 <ln 1-In — > =2 (O+ln ﬁ)zz < = 1n 2> =Iln 2.

\E 2

1 2 2 2
5 +cos t=1-2+csc t=cot t . Thus,
sin ¢

=
)

12 /(0‘ he

(= =0.174,\2/2) t=TF //\\ (=0.174,42/2) t= 3%

0

/2
47.x=¢ 1, y=4e , 8<1<3 .

2
(dxldr) +(dyldr) *=(e —1)+(267) =26 +1+4¢ =" 426 +1=(c+1)’

Thus,
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3 t .2 3 0t t 3 3 -8 3 -8
IS\/ (e +1) dt=f8(e+1)dt=[e+t]8=(e +3) (¢ 8)=¢ e +11.

21

~1

SIS

3 2 2 dx \ ?
48. x=3t-t ,y=3t .dx/dt=3-3t and dy/dt=6t , so < j; > +<
the length of the loop is given by

2
) —(3-31°) +(61) =(3+31) and

L= }’33 (3+3f2)dt=2f(‘!3 (3+3t2)dt=2[3t+t3]3l§

e
= 2(3{3+3y3)=12y3.

y

0,9 t==3

49. x=t—et , y=t+et , 6<1<6.

< % > 2+ ( % > 2=( 1—et) 2+( 1+et) 2=( 172€t+€2t)+( 1+2€t+€2t)=2+2€2t , SO sz: \I 2+2€2t dr . Set

6-(-6)
6

L~ 2 [fCO)+H D2 (2)+4f(0)+2f(2)+4 f(4)+f(6)]~=612.3053 .

’ 2
J®=\ 2+2e " Then by Simpson’s Rule with n=6 and At= =2, we get

2 2
50. x=2acot 8 = dx/dt=-2acsc 6 and y=2asin 6 = dy/dt=4asin 6 cos 0 =2asin 20 .

"2 2 4 2. 2 2 4 2
So L=f: y 4'\/ 4a csc O+4a sin 20 dO =2afz p 4'\/ csc O+sin 20 dO . Using Simpson’s Rule with n=4 ,
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4 2
,and f(0 )=\l csc O+sin 20 , we get

63| \ a2 )™\ 16 )\ T )™\ 16 )
L2 2
51. x=sin ¢, y=cos t,0<t<3m

(dxldr) +(dyldr) =

Distance =

> ] ~2.2605a .

(N |

2 2 2 2 2
(2sinzcost) +(-2cos tsint) =8sin tcos r=2sin 2r=
7)
\I_ | sin 2] dt=6ﬁfg sin 2tdt [bysymmetry]=-3 \I_ [cos 2¢]

= 32 (-1-1)=6y2

The full curve is traversed as ¢ goes from 0 to

5 because the curve is the segment of x+y=1 that
lies in the first quadrant (since x , y> 0 ), and this segment is completely traversed as ¢ goes from 0 to
2
2 a

Thus, L—f o Sin 2tdt=\I§ , as above

2 dx \? [ d
52. x=cos t,y=cost,0<r<4m. (_x> +<_y

L2, 2 2 2
= & > =(—2costsint) +(-sinz) =sin t(4cos r+1)

4 2 2
Distance = | Oﬁlsin 1 \’ 4cos 1+1 dt=4fgsint \j 4cos t+1 dt
- 2 , 1 2 1] 2
= 4] 1 \/ 4u"+1 dulu=cos t.du=-sin rdr]=4 1\/ 4u"+1 du=8] O\/ 4 +1 du
— 8ftan 712

2
o e g- > sec 0dO 2u=tan 0 ,2du=sec 0 do ]

"
= 4ftan sec 0 do =[2sec O tan 0 +2In |sec 0 +tan 0 | ]

?=4y5+2In ({5+2)
Thus, L—f | sin 7| \/ 4cos t+1 dt—\lg+- ln \I§+2
53. x=asin 0 , y=bcos 0 ,0<0 <27

(@) (&)

2 2 2 2.2 2 2 2
(acos 0 ) +(-bsin0) =a cos 0+b sin 0=a (1 sin 9)+b sin 0

2

2 2 .2 2 2 2 2 2 2 2 2 2

—(a -b )sin 8=a —c sin 9=a <lc—zsin 9>=a (l—e sin 9)
a

n 2 2. 2 ) 2. 2

So L=4[ '\la (1 ¢%in’0) do=4al \/ 1-¢'sin 0 do .
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3 3
54. x=acos 0 , y=asin 0 .
2 2 2 2 2 2 2 4 2 2. 4 2
(dx/dO ) +(dylde) =(—3acos QSinQ) +(3asin QCOSQ) =9a cos 0 sin 049a sin 6 cos 0

2. 2 2 2 2 2. 2 2
=9a sin 0 cos 0 (cos @ +sin 0 )=9a sin 0 cos 0.
The graph has four-fold symmetry and the curve in the first quadrant corresponds to 0<0 <7/2 .
Thus,

2
L=4fg 3asin 0 cos 0 dO [ since a>0 and sin @ and cos ¢ are positive for 0< 60 </2]

1 2 /2 1
=12a|: 2s1n 9]0 =12a<20>=6a.
¥

AN
N

55. (a) Notice that 0<r< 27 does not give the complete curve because x(0)# x(277) . In fact, we must
take € [0,477] in order to obtain the complete curve, since the first term in each of the parametric

i 1
equations has period 277 and the second has period L= 11 and the least common integer

multiple of these two numbers is 47 .

e

(b) We use the CAS to find the derivatives dx/dt and dy/dt , and then use Formula 1 to find the arc

4
length. Recent versions of Maple express the integral f Oﬁ'\/ (dx/a’t)2+(dy/a’t)2 dt as 88E (2 2i ) ,

{ 22
1\ 1x1t
where E(x) is the elliptic integral f 0 21 dr andi is the imaginary number \I—l . Some earlier

2
1-¢

versions of Maple (as well as Mathematica) cannot do the integral exactly, so we use the command
evalf (Int(sgrt(diff(x,t)"2+diff(y,t)"2),t=0..4*Pi)); to estimate the length,
and find that the arc length is approximately 294.03 . Derive’s Para_arc_length function in the
utility file Int_apps simplifies the integral to
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4 11z 11¢
11fon\/4costcos < > >4sintsin ( > >+5 dt .

1 1 I 1
56. (a) It appears that as r— oo , (X,y)— ( 3773 > ,and as r—-o0 , (X,y)— < 5775 > .

(b) By the Fundamental Theorem of Calculus, dx/dt=cos ( % t2> and dy/dt=sin ( % t2> , S0 by

Formula 6, the length of the curve from the origin to the point with parameter value ¢ is

.

-1

L= fg'\/ (dx/du)2+(dy/du)2 du:f;\/ cos 2 ( % u2>+sin 2 < % u2> du

= [" 1 du=t [or-1ifr<0]

We have used u as the dummy variable so as not to confuse it with the upper limit of integration.

dt dt
2 2 4 312 2 2 81 312 2
s=[\2myds=[ 27 1 \/ 144 di=[ ?ﬂr 1+4” dr .

2 4 3p de \?%2 [ dy \? 2 1R2 2 2
ST.a=rt L y=500 112, (—x> +( —y> —(1-20) +(2 ) =1 414t +41=1441" , 50

. 2 .
58. x=sin ¢, y=sin 3t , 0<1<

w I

. dx/dt=2sin tcos t=sin 2t and dy/dt=3cos 3t , so

2 2 2 2 /3 2 2
(dx/dt) “+(dyldt) =sin “2¢+9cos 3¢ and S= 27ryds=fg 27sin 3z\/ sin 2¢+9cos 3t dr .

de \2 [ dy\? 2
59.x=r" L y=1" ,0<1<1. (ﬁ > +< = > =(3%) (20 =0 +ar”

1 dc \?% [ dy\? 12 [ 4 2 12.[2 2
S = ax ay _ 1/ _ 1’
f027ry‘\/ ( I > +< I > dt f Ozm Ot +4t dt 27rf o Vi (9t +4) dt
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2 2
4 u=9 +4 t =(u—4)/9 2

_ 2”fi3< u >\I_ ( 1 du> | s fi3(u3/2—4u1/2)du
9 18 du=18tds 50, 1d1= 75 du 9-18

7 [ 2 52 8 3218 7 2  snp 3/2.13
= 81 |:5u —3u ]4_8' [3u —20u ]

1215 ™ (313 *1320- 13413 ) (3-3220-8) ]

1215 (24713 +64)

2 2

60. x=31-1, y=31~, 0<1<1 . (j’: > <dy > =(33 2) +(61) =001+2 %+ =] 301462
13
3!

dt
S= fzﬂ 3¢ 3(14))di= 187rf o) di= 187r|:

3 3
61. x=acos 60 , y=asin 0 ,0<0<
dc \?2 [ dy \? 2 2 2 2 2.2 2
& + e =(—3acos 8sin9) +(3asin 80038) =9a sin fcos O .
do do
5 ]7‘[/2

2 3 2¢ml2 . 4 6 2
S=fg 2m-asin 6 -3asin @ cos 0 d0=6rra fg sin 9c038d8=§7m [sin 0 0

d 2 d 2
62. ( x> +< _y> =(f2sin9+2sin29)2+(2003972003 26’)2

YR

2

_6
_57'['
do do

=4 [ (sin @ —2sin 0 sin 26 +sin 229 )+(cos 29 —2cos 0 cos 260 +cos 229 ) ]

=4[1+1-2(cos 20 cos @ +sin 20 sin 0 )]=8[ 1-cos (20 -0 )]=8(1-cos 9)

We plot the graph with parameter interval [0,277] , and see that we should only integrate between 0
and 77 . (If the interval [0,277] were taken, the surface of revolution would be generated twice.) Also

note that y=2sin 0 -sin 20=2sin 0 (1-cos ) . So S=f§27r- 2sin @ (1-cos 0 )2 \IE l-cos @ do =

32 2 ’ 3
8 27ng(170039) sin 6 dO =8 27rf0 u du[whereu = 1-cos0,du =sin0 do |=
5

2\ 2% 16 2 128
8 27r|:<5>u :|0= 5 271 (2) = 5
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3

Y,

-3

2 SO
3 k

3 1 dx 2 dy
. X= =f— — <t< . T = ——
63. x=t+t , y=t ;2 , 1<<?2 7 1+3¢ and ” 1+

dx \2 [ dy\? 2)2 2\ 2
(dt> +< dt> —(1+3t)+<1+—3> and

t

2
S=f27ryds=f?27r <t—12 > (1+3t2) 2+<1+23 > dt~59.101 .
t

t

~

64. 5= f 27r 2asin 9'\Icsc 0 +sin 29 dt—47raf o 4s1n 9'\/030 0 +sin 29 do .

[2-7/4 2
z 47T =£6 , and f(0 )=sin 9'\/csc f+sin 20 , we get

st 5 [ (3 o (5 ) (3 Yo (5 ) (5) oo

d
65. x=31" . y=21" 0<z<5¢< x> < >—(6t)+(6t) =366 (14 )=

Using Simpson’s Rule with n=4 , A0 =

5 5
S = 27rx'\/ (dldr) +(dyldr)” di=[ 2 (3")61 \/ 14" di=18 [ 1\ 14t 2edr

= 187 (u 1) dulwhereu=1+¢"du=2¢dr1=187 (™ u"?) du

2 s5p 2 3p7]2% 2 2
187T|:5u “3u :|1=187r|:< 676\[_ 26\I_> <5 3>]

= %4 (94926 +1)

66. x=¢ 1 , y=4e ,0<1< 1. ( CZC > +< % > 2=(et71)2+(2et/2) 2—e2t+2et+1 (et+1)2

S= [l (ett)\/ (1) (2¢™)° di=[ 2 (1) (41)ar
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1 2t ¢ r 1 271! 2
= 27r|: 5 ¢ +€*(l‘*1)€*2t :|O=7r(e +2€*6)

/ / / /
67.1If £ is continuous and f (1)#0 for a<t<b , then either f (¢)>0 for all ¢ in [a,b] or f (#)<0 for
all # in [a,b] . Thus, f is monotonic (in fact, strictly increasing or strictly decreasing) on [a,b] . It
1 -1
follows that f has an inverse. Set F=go f , that is, define F' by F(x)=g(f (x)).Then x=f(t)=

£ 0=t L s0 y=g(O)=g(f (x)=F(x).

b
68. By Formula .2.5 with y=F(x) , S=| aan(x)\/ 1+[F "0T dx . But by Formula 2.2,

dy \ 2 dyldr \ 2 g g
1+[F /(x)]2=1+< d—y> =1+< dy;d;> _ (dxldr) Hdzldt)
o . (dx/dr)

. Using the Substitution Rule with

d
x=x(1) , where a=x(« ) and b=x(/3) , we have (since dx= Z): dt)

2 2
d dx \2 [/ dy \?2
5= 2n F(xtey) | \L0A) Hldyldt) A (B < = > +< o > di
Iod 2 dt o4 dt dt
(dx/dr)

which is Formula .2.7.

- d d d - d d d
69. (a) ¢ =tan 1<j>:> 7(f=d—ttan 1(ﬁ>=;2 [Zf <—z>:| . But
1+(dyldx)
XX XX Xy-Xx
dy _dyldr " d (). d S IR T SR T
Ddddi T i \Nax )Ca\ T2 T a T N = T2
X X x 1+<y/x> X X +y

&S
~
[\
3
U

' _ t dx \?
Using the Chain Rule, and the fact that s=f 0 )T

ds \/(dx>2 <dy>2 <.2.2>1/2
— = — | +| = ={ x +y , we have that
dt dt dt
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Xy—X Xy—X
dp _dprar [ 7T G <
ds — dsidt 2.2 S N2 7 5 o 0
X +y (x +y > <x +y >
Xy—X Xy—X
dcjb y-xy y-xy
K= = =
ds 2 2\ 32 2 2\ 32
<x N > ( +y>
. . SR N
(b) x=x and y=f(x)= x=1 , x=0 and y=ﬁ =22 So
dx
N1 Pvad) o (avan)| | wa’]
B 271312 - 2132
[1+(dy/dx) ] [1+(dy/dx) ]
2 2
d
70. (a) y=x = 2 24— a “2=2.50 |yiar’| — ,andat (1,1)
dx 2732 2\ 3/2
dX [1+(dy/dx) ] (1+4x )
o2 2
= gz - \l_
52 . _ _ / /
(b) « =— =3(1+4x ) (8x)=0<x=0=-y=0 . This is a maximum since k >0 for x<0 and k <0

dx

2 : .
for x>0 . So the parabola y=x has maximum curvature at the origin.

71. x=0-sin @ = x=1-cos 0 = x=sind , and y=1-cos 8 = y=sin 6 = y=cos 6 . Therefore,

B |cos97cos 2é’fsin26’| B |00397(00329+sin29)| _ lcoso-1]
B ) 2 132 ) 2 \32
[ (1-cos0) +sin @ ] ( 1-2cos 0 +cos 0 +sin 0 ) (2-2co0s0)
characterized by a horizontal tangent, and from Example 2(b) in Section .2, the tangent is horizontal
when 0 =(2n-1)7 , so take n=1 and substitute € = into the expression for k :

|cosm—1]  |-1-1] 1

C(2200s7)? [22c)? 4

5 The top of the arch is

72. (a) Every straight line has parametrizations of the form x=a+vt , y=b+wt , where a , b are
arbitrary and v , w#0 . For example, a straight line passing through distinct points (a,b) and (c,d)
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can be described as the parametrized curve x=a+(c-a)t , y=b+(d-b)t . Starting with x=a+vt , y=b+wt ,

v 0-w-0]

we compute x=v , y=w , x=y=0, and )3/2

(v +w
(b) Parametric equatlons for a circle of radius r are x=rcos 6 and y=rsin 6 . We can take the center to

be the origin. So x=-rsin 8 = x=-rcos 0 and y=rcos 8 = y=-rsin 8 . Therefore,

2

1 1
r_3 =7 And so for any € (and thus any point), kK = B
r

2.2 2 2

|r sin d+r cos 8|
2.2 2 2132
(r sin 0+4r cos 9)

73. The coordinates of T are (rcos @ ,rsin 6 ) . Since TP was unwound from arc TA , TP has length r6

1
. Also / PTQ=/PTR-/ QTR= > -0 , so P has coordinates

1 1
x=rcos 0 +rf cos ( > m—0 > =r (cos 0+0sin 0 ) , y=rsin 00 sin < > e, > =r (sin@-60cosb) .

(R
NI

74. If the cow walks with the rope taut, it traces out the portion of the involute in Exercise 73
corresponding to the range 0< 6 <7 , arriving at the point (—r,7r) when 0 =7 . With the rope now
fully extended, the cow walks in a semicircle of radius 77 , arriving at (—r,~r) . Finally, the cow
traces out another portion of the involute, namely the reflection about the x— axis of the initial
involute path. (This corresponds to the range -7 <6 <0 .) Referring to the figure, we see that the total

grazing area is 2(A +A3) LA 3 is one—quarter of the area of a circle of radius 777 , so

1 32 1 2
71(7Tr) == r .We will compute A 1+A2 and then subtract A2= — 7rr to obtain A =

3 4 4 2
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7
To find A +A , first note that the rightmost point of the involute is ( 5 r,r> . The leftmost point of

/2
the involute is (-r,7r) . Thus, A +A f ydx f;T Oydx—f ydx Now
ydx=r(sin 6 -0 cos 0 )rf cos 8 d6 =r (8 sin 0 cos 0 —8 cos 9 )do . Integrate:

2 2 1 (2 1 3 1
(l/r )fydx:ﬁcos 975 (9 *I)SiDQCOS 9789 +3 0 +C . This enables us to compute

3
O e T S R )
172 rli@cos@ 2(9 l)sm9c0s9 69+29 =r 0 T 6+2

3
Y
1
Therefore, A1=<A1+A2)— e .80 the grazing area is
1 32 1 32\ 5 32
2(A1+A3)=2<67rr+47rr >=67rr
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: T : : 5m o oo, 3w
1. (a) By adding 27 to 5 - we obtain the point (1, ) > . The direction opposite 5 I8 &5 .80
3
(—1, > > is a point that satisfies the r<0 requirement.
(1.5)
0

Lot

(3,2+27),(-3,2+7)

2. () (3,0)
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137 671
5 )(2%)

© (—1,—%

3.(a)

x=3c0s % =3(0)=0 and

y=3sin % =3(1)=3 give us the Cartesian coordinates (0,3) .

(2v2. %)

/&“;

(9]
(b)
37
X =24 2cos 1
1
=242 <— >= 2 and
2
37 1 )
y=242sin 7 =2 2< = >_2 give us (-2,2) .
/I 0 .
(-15)°
(¢
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x=-lcos 7=-7 an
3
y=-1sin 3= T, give
1 3
(3%)
(2.%)
2
] 3
N
4. (a)

x=2cos 2?” =-1 and y=2sin 2?” =\I§ give us (fl,ﬁ )

s

(4.3m) \Jo/
(b)
x=4cos 37=-4 and y=4sin 37=0 give
us (-4,0) .
<"2"'§€ﬂ')
0 x"'

\/_s_vr

(c) ¢

x=-2cos <—5?7T >=\[§ and y=-2sin (—% >=1 give us (\[3,1) .

, 2 2 1 T . ,
5.(a) x=1 and y=1=r=\1+1 =\I§ and 0 =tan < 1 >=Z . Since (1,1) is in the first quadrant,

the polar coordinates are (1) (\I_ , = > and (i1) < \I_ Tﬂ > .

(b) x=243 and y="2=r= "4 2) ={12+4=\{T6=4 and
2
0 =tan ! (— — > =tan < > E . Since 2\I_ 1s in the fourth quadrant and

243 6
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: ) 117 . S5
0<60 <27 , the polar coordinates are (1) | 4, T and (11) { 4, ? .

6. (a) (x,y):(fl,f\lg ) . r=y1+3=2, tan 6 =y/x=\l§ and (x,y) is in the third quadrant, so 0 = 3

4
The polar coordinates are (1) <2, ?ﬂ > and (i1) < '3 >

3
(b) (x,y)=(-2,3) r—\l 4+9 \I_ tan 0 =y/x=- 5 and (x,y) is in the second quadrant, so

-1( 3 . . .
0 =tan (— 5 >+7T . The polar coordinates are (i) (\IE ) and (ii) (—\11_3 O+7)

7. The curves r=1 and r=2 represent circles with center O and radii 1 and 2. The region in the plane
satisfying 1<r< 2 consists of both circles and the shaded region between them in the figure.

S ant Y
e/

8.r>0,m/3<50<2n1/3

7T

6

10. 2<r<5, 3/4<0 <57/4
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Y
i
NT

12 1<r<1, <o
d 4="="4
9‘% g="1
RV,

13. ( 9)—<1E> “tcos 2= and y=1sin Z =1

rd)=( Lg )=x=lcos === andy=lsin = =5 .

3 3 342 3 342

(r,8)=<3,77f > = x=3cos Tﬂ=—£ and y=3si 77{=J2[ . The distance between them is

2 L [ (3+676+18)+(1-6y2+18) =%\I40+6\I_ 662

14. The points (r 1,9 1) and (r2,9 2) in Cartesian coordinates are (r €08 0 : rlsm 0 ) and

(r ,C08 0 2,r23in 0 2) , respectively.The square of the distance between them is
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2 . . 2
(rzcos Hzfrlcos %) 1) +(r231n927r131n9 1) =

2 2 2 2 2.2 . . 2.2 2/ . 2 2 2
(rzcos 82—2r1r2cos 5 1cos 92+r1cos 0 1>+<r2s1n 82—2r1r251n 5 1sm 92+rlsm 0 1>—r1 <sm 0 1+cos 0 1>+r2
2

2
=r 1,2,, \,c08 (9 179 2) +r2,

. . 2 2
so the distance between them is \/ r 1—2r 7,08 G 1—8 2)+r2 .

2 2 2 2
15.r=2&7\ x +y =2&x +y =4, a circle of radius 2 centered at the origin.

16. rcos 0 =1<x=1 , a vertical line.

2 2 2 2 3\2 [/ 3)? 3
17.r=3sin 0 =r =3rsinf < x +y =3y&x +< -5 > =< 5 > , a circle of radius 5 centered at

3 2
(O, 5 > . The first two equations are actually equivalent since r =3rsin 8 = r(r-3sin 0 )=0=r=0 or

r=3sin 0 . But r=3sin 0 gives the point r=0 (the pole) when 6 =0 . Thus, the single equation r=3sin 6
is equivalent to the compound condition ( ¥=0 or r=3sin 6 ).

2 2 2 2 2
18. r=2sin 0 +2cos 0 =r =2rsin 6 +2rcos 0 &x +y =2y+2x& (x —2x+1 ) +(y 2y+1 ) =2&
2 2 2
(x-1) +(y-1) =2 . The first implication is reversible since r =2rsin 6 +2rcos 0 = r=0 or

7
r=2sin @ +2cos @ , but the curve r=2sin 0 +2cos 0 passes through the pole (r=0) when 6 = 7 50
r=2sin 6 +2cos 0 includes the single point of r=0 . The curve is a circle of radius y2 , centered at

(1,1) .

1
19. r=csc 0 ©r= S

0 &rsin 8 =1<y=1, a horizontal line 1 unit above the x —axis.

sin 6 2 ) 2. 2 .
20. r=tanfsec 0= =rcos O=sinf <(rcosf) =rsind < x =y , a parabola with vertex at the

cos 0
origin opening upward. The first implication is reversible since cos € =0 would imply

. 2 .. 2 .2
sin@=rcos 9=0, contradicting the fact that cos 8+sin 9=1.

21. x=3<rcos 8 =3<r=3/cos 0 <r=3secO .
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2 2 2
22.x +y =9 r =9 r=3 . [r=-3 gives the same curve. ]

2 2. 2 .2 cos
23. x=-y &rcos =71 sin 0&cosd=-rsin 0 Sr= =-cotfcscH .

sin 0

24. x+y=9<rcos 0 +rsin 0 =9<r=9/(cos 6 +sin 0 ) .

2 2 2 2
25. x +y =2cx&r =2crcos 0 &r —2crcos 0 =05 r(r-2ccos 0 )=0<r=0 or r=2ccos 0 . r=0 is included

. T . . .
in r=2ccos 6 when 0= 5 T, 80 the curve is represented by the single equation r=2ccos 6.

2 2 2 2 2 2 2 2 2
26.x -y =l (rcos@) —(rsinf ) =l < r (cos 0 —sin 9)=1<:>r cos 20=1= r =sec 20

27. (a) The description leads immediately to the polar equation 8 = % , and the Cartesian equation
1
tan 0 =y/x= y= (tan % > x= —3 x is slightly more difficult to derive.

(b) The easier description here is the Cartesian equation x=3 .

28. (a) Because its center is not at the origin, it is more easily described by its Cartesian equation,

2 2 2
(x-2) +(y3)=5".
(b) This circle is more easily given in polar coordinates: r=4 . The Cartesian equation is also simple:
2 2

x +y =16 .
29.0=-7/6
(]

30. 1> 3r+2=0< (- 1)(r-2)=0<>r=1 or r=2
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/B
&

2 2 2 2
31.r=sin9<:>r=rsin9<:>x+y=y<:>x+<y > <

3 oo (07 ).

o N | —

2
> . The reasoning here is the same as in
1
Exercise 17. This is a circle of radius = centered at 5

A
=
2[y

w3

0

2 2 2 3\2 2 /3\? .. . :
32.r="3cos0 <r =3rcosfx +y =3x& | x+3 | +y = 5 . This curve is a circle of radius

2
3 3
> centered at < > ,O> .

33. r=2(1-sin @) . This curve is a cardioid.

(2, 7} 2,0

34.r=1-3cos 6 . This is a limacon.
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(4, m) 0
(~2,0)
35.r=0 ,0>0
)
NIV
0 4

36; r=Ing ,0>1
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AN
. \/—\/Lvﬂ ;

N s
<3 6= 3
A ’)l
- 2
3

42 rzzsin 20
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L)

o

AT,
VA,

2
44.r 0=1er=t1/0 for0>0

4

R
45. r=1+2cos 20

3
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@
I
ey
D
I
wig

(3,m) (3.0)

(L7
= (-1, 2m)
={L,37)

47.For 0=0, 7 , and 27 , r has its minimum value of about 0.5 . For 0 = % and 77r , I attains its

maximum value of 2 . We see that the graph has a similar shape for 0<8 <7 and 7<9 <27 .

49. x=rcos 0 =(4+2sec 6 )cos 6 =4cos O +2 . Now, r— 0o = (4+2sec 0 ) > o0 =0 — ( % > or
37 \t . . ) .
0— 7 (since we need only consider 0< 0 <27 ), so lim x= lim (4cos 8+2)=2 . Also,
=0 esan

+ 3 -
r—-00= (442sec0)—-0c0=0 — < z > ord — ( =z > ,80 lim x= lim (4cos8+2)=2 .

2 2 rF——00 Q lﬁ+

v [V
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Therefore, lim x=2=-x=2 is a vertical asymptote.
r—=+o0

m&«m
0 /
50. y=rsin 0 =2sin 0 —csc Osin 0 =2sin -1 . r— o0 = (2-csc 0 )—» o0 =csc - -0 =0 — a (since we
need only consider 0< 60 <27 ) and so lim y=1lim 2sind-1=-1 . Also r——o00 = (2-csc 0 )—» —co0 =

r— oo

+
0-m

cscd »o00=>

0 > andso lim x=lim 2sin@-1=-1. Therefore lim y=-1= y=-1 is a horizontal asymptote.

r— —00 - r— too
0 -

. . . .2
51. To show that x=1 is an asymptote we must prove lim x=1 . x=rcos 0 =(sin 0 tan 0 )cos 0 =sin 0
r—+oo

. T\ . . . 2
.Now,r-oco=sinftand »oco=0 —» ( - > ,80 lim x= lim sin =1 . Also, r— 00 =
2 r— 00 6 -
—7/2
. T \* . . .2
sinf tan - -oc0o=0 — 5 ,80 lim x= lim sin =1 .
+

F=>7% 910
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. . . . .2
Therefore, lim x=1= x=1 is a vertical asymptote. Also notice that x=sin 6 >0 for all ¢ , and
r—+oo

2 7
x=sin <1 forall @ . And x#1 , since the curve is not defined at odd multiples of 5 - Therefore,
the curve lies entirely within the vertical strip 0< x<1 .

.. (2 2)3 22 . . 2 2 2
52. The equation is (x +y ) =4x y , but using polar coordinates we know that x +y =r and

. T . : 6 2 2 2. 2
x=rcos 8 and y=rsin @ . Substituting into the given equation: r =4r cos 6r sin 0 =

2 2 2
r =4cos Osin 0 = r=+2cos sind==+sin 20 .r=+sin 20 is sketched at right.

53. (a) We see that the curve crosses itself at the origin, where r=0 (in fact the inner loop corresponds
to negative r— values), so we solve the equation of the limacon for r=0&csin 0 =-1<sin9=-1/c .
Now if |c|<1 , then this equation has no solution and hence there is no inner loop. But if c<-1 , then

-1 -1
on the interval (0,277) the equation has the two solutions 0=sin ~ (~1/c) and 0 =7-sin  (-1/c) , and

-1 -1
if ¢>1, the solutions are @ =r+sin  (1/c) and 6 =27—sin  (1/c) . In each case, r<0 for 6 between the
two solutions, indicating a loop.

(b) For O<c<l1 , the dimple (if it exists) is characterized by the fact that y has a local maximum at
2

3 . dy . . 3t .

0= 5 So we determine for what ¢ values — ls negative at 0= — . since by the Second

do
2

Derivative Test this indicates a maximum: y=rsin 6 =sin d +csin 0 =

2
dy . . dy . 37 ..
70 <08 8 +2csin 8 cos 8 =cos 8 +csin 20 = — =sin 0 +2ccos 20 . At0= B this is equal to
do

1
—(~1)+2c(-1)=1-2c¢ , which is negative only for c¢> 5 - A similar argument shows that for ~1<c<0 , y

only has a local minimum at
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1
(indicating a dimple) for c<— = .

0= >

ORI

54. (a) r=sin (0/2) . This equation must correspond to one of II, III or VI, since these are the only
graphs which are bounded. In fact it must be VI, since this is the only graph which is completed after
a rotation of exactly 47 .

(b) r=sin (0/2) . This equation must correspond to one of II, IIT or VI, since these are the only
graphs which are bounded. In fact it must be VI, since this is the only graph which is completed after
a rotation of exactly 47 .

(c) r=sin (0/4) . This equation must correspond to III, since this is the only graph which is
completed after a rotation of exactly 87 .

(d) r=sin (0/4) . This equation must correspond to III, since this is the only graph which is
completed after a rotation of exactly 87 .

2
(e) r=sec (30) . This must correspond to IV, since the graph is unbounded at 6 = % , 5 , —;T , and
SO on.
. ) ) T T 27
(f) r=sec (36) . This must correspond to IV, since the graph is unbounded at 8 = g , 5 , ? , and

SO on.

(g) r=0sin 0 . This must correspond to V. Note that r=0 whenever 6 is a multiple of 77 . This graph
is unbounded, and each time 6 moves through an interval of 277 , the same basic shape is repeated
(because of the periodic sin @ factor) but it gets larger each time (since 8 increases each time we go
around.)

(h) r=0sin 6 . This must correspond to V. Note that r=0 whenever 6 is a multiple of 7z . This graph
is unbounded, and each time 6 moves through an interval of 277 , the same basic shape is repeated
(because of the periodic sin 6 factor) but it gets larger each time (since 6 increases each time we go
around.)

(i) r=1+4cos 50 . This corresponds to II, since it is bounded, has fivefold rotational symmetry, and
takes only one takes only one rotation through 277 to be complete.

(j) r=1+4cos 50 . This corresponds to II, since it is bounded, has fivefold rotational symmetry, and
takes only one takes only one rotation through 277 to be complete.

(k) r=1/\I§ . This corresponds to I, since it is unbounded at 8 =0, and r decreases as 8 increases; in
factr—>0asf —o0 .

1)) r=1/\I§ . This corresponds to I, since it is unbounded at 9 =0, and r decreases as 6 increases; in
factr—-0asfd—oo .

2
55. r=2sin 0 = x=rcos 8 =2sin 0 cos 8 =sin 20 , y=rsin 0 =2sin 0 =

dy dyldd 2-2sinfcosf sin?26
dx dx/dd ~  cos20-2  cos20

=tan 20
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T dy us us
When 0= 5 =tan <2' 6 >—tan 3 —\{3 .

56. r=2-sin 0 = x=rcos 8 =(2-sin 8 )cos 6 , y=rsin 0 =(2-sin 0 )sin 8 =

dy dyldd  (2-sinf)cost+sinf(cosf)  2cosf-2sinfcost)  2cos 0 —sin 20
dx dx/d0 (2-sin 0 )(—sin 6 )+cos 0 (—cos ) 2gin O 4sin 2 0-cos 29 —2sin 8 —cos 20
T ody 202)(Y32) 1432 2 243
Whenbo=% , — = = L2 ’
37 dx 2({32)-(-172) 3+1/2 27 1-2y3

57.r=1/0 = x=rcos 8 =(cos 0 )/0 , y=rsin 6 =(sin 0 )/0 =

2
dy dyldd sin0(-1/0)+(1/0)cos8 8> —sin@+0cos0

— — 2 _=7 - .
dx dx/do cos 8 (~1/0°)-(1/0 )sin 6 0> cos f-0sind

58.r=In6 = x=rcos@=Inbcosd , y=rsinf=In0o sin 0 =

dy dyldd sinf (1/0)+In@cos® @ sind+0Inbcosd

dx  dx/d0 ~ cos0 (1/0)-In0sin® 0  cos@-0ln0sind
dy sine+eln ecose sin et+ecos e

> dx  cose-elnesine cose-esine

When 0 =e

2
59. r=14cos 8 = x=rcos 8 =cos 8 +cos 6 , y=rsin d=sin 6 +sin & cos 0 =

2 2
dy dyldd cosf+cos 0-sin 6  cos0+cos 20
dx  dx/d0 ~ -sin@-2cos0sin@ ~ —sin0-sin 20

VER! 3.1
T dy 2 2 )
Whenf=— , == = =1
6 ° dx 1 3 1 E
= - | =+
2 2 2772

60. r=sin 36 = x=rcos 0 =sin 30 cos 6 , y=rsin  =sin 30 sin d =

dy dyldd  3cos 30 sin 6 +sin 30 cos 0
dx  dx/d9 ~ 3cos 30 cos 0 -sin 30 sin 0
T dy 30)1/2)+1({372) 312
Whenb== , == = =jI§.
6 " dx 3(0)(y3/2)-1(172) 112
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2 2
61. r=3cos 8 = x=rcos 8 =3cos 6 cos 6 , y=rsin 8 =3cos 0 sin 6 = dy/df =-3sin 6+3cos 8 =3cos 20=0

20=" or X 50=" or 2= S0 the tangent is horizontal at [ —= = d
= —2 or 2 Lt —4 or 4 . D0 c angen 1S norizontal a .Jz’él- an

3 3
37T sameas | — ,— z . dx/d0 =—6sin 0 cos 0 =-3sin 20 =0=-20=0 or 1 <0 =0 or
\/— T 24

. So the tangent is vertical at (3,0) and |{ 0, 5

(NI

21 2 3
62. y=rsin 0 =cos 8sin 0 +sin 0=z sin 20 +sin 0 = dy/d0 =cos 20 +sin 20 =0=tan 20 =-1=-20= =

2 4
7 0=Z or ZX - horizontal tangents at 7 sin 22,22 ) and
or 4 & 3 or 3 = horizonta angents a COS 3 +s1n R an

T In In 2 i .
cosS ? +sin ? , ? . x=rcos 0 =cos 6 +cos dsin 0 = dx/df =sin 260 +cos 20 =0=-tan 20 =1 =

20T or X gl o XL tical tangents at z 2z d
—4 or 4 <uv= 8 or 8 — vertica angensa COS 8 +Sln 8 8 an

( 57 i 57 5 >
cos 4 +sin &, | .
8 8 8
Note: These expressions can be simplified using trigonometric identities. For example,

63. r=1+cos 8 = x=rcos 8 =cos 8 (14+cos 8 ) , y=rsin 8 =sin 6 (1+cos 8 )=

b

2 2 1
dyldf =(1+cos 0 )cos 8 —sin 6=2cos 6 +cos 6 -1=(2cos 8 -1)(cos 8 +1)=0=-cos 0= > or-1=0=

5 3 5
7, or ?ﬂ = horizontal tangent at < 503 > (0,7)[ the pole ], and ( = = > :

1 2
dx/dO =—(1+cos 6 )sin 8 —cos 6 sin 8 =—sin 0 (1+2cos 6 )=0=>sin d =0 or cos 6 =— 5 =0,m, —;T
1 27 1

4 . Vi . .
? = vertical tangent at (2,0) , | =,— | ,and 5 , ? . Note that the tangent is horizontal,
dyldo

not vertical when 0 = , since él:nn m =0 .

wlA

, Or

64. ﬁ =e¢ sinO+e cosO=e (sin 0 +cosd)=0=sinf=—cosd =tanf=1=0=- 2

: : 7 (n-1/4) 1
integer) = horizontal tangents at | e Ut .

m+nm (1 any

dx o 0 0 1
d_g =e cosf-e sinf@=e (cosf-sinfd)=0=sinf=cos 0 =tan=1=0= 7 T ( n any integer) =
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_ < 7 (n+1/4) ( 1 >>
vertical tangents at | e JT \ n+ Z .

65. r=cos 260 = x=rcos 8 =cos 26 cos 6 , y=rsin 6 =cos 260 sin 6 =
. . .2 3 .2
dyld9 =—2sin 26 sin 8 +cos 26 cos § =-4sin 0 cos 6 +(cos 0 -sin 6 cos 0 ) =
2 2 2
cos 0 (cos 0 -S5sin 0 )=cos 0 ( 1-6sin 0 )=O:>

RV 1
, — ,«a ,m-« ,m+x ,or 27—« (where =sin —)

6

£)-03).(3). (o). (rn) o

1
cos 0=0 or sin & i—:> =

T
2
So the tangent is horizontal at (

22
3,7r—oc .

2 2 2
dx/dO =—2sin 26 cos 0 —cos 20 sin d =4sin 8 cos 0 —(2cos 0-1)sin 8 =sin 0 (1-6¢cos 0 )=0=

1 1
sin9=00rcos9=j:F =0=0,7,3 ,7-p ,7+B ,or2n—f3 (where f=cos F ).

2 2
So the tangent is vertical at (1,0) , (1,7) , (— 3 ,/3> , <— 3 ,7T—/3> , (- +ﬁ> , and

< % 2m—3 > .

66.
2
By differentiating implicitly, » =sin 20 =
— — 1 1 2

22(dr/d9 )=2c0s 20 = dr/d9=(1/r)cos 20 ,s0  _ B cos 20 sin 8 +rcos 0 = B (cos 20 sin 8 +r cos 0 )

ay

do

1 : . |
=7 (cos 20 sin 6 +sin 260 cos 0 )= ~sin 30

L)
C

This is O when sin 30 =0=0=0,
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T 4 . : . .
30y (restricting 6 to the domain of the lemniscate), so there are horizontal tangents at

413 413 4n o T I
(-\’ 173 > , (-\’ 1°73 > and (0,0) . Similarly, dx/d0=(1/r)cos 30 =0 when 0 = g o
. 4 ’ s 4 / 3 TIn
so there are vertical tangents at ( s > and < 16 > .

2 2 2
67. r=asin 6 +bcos 8 = r =arsin 8 +brcos 8 = x +y =ay+bx=

2 1 \2 2 1 \2 /1 \2 /1 \? 1 \?2 1 \2 1 (2 2
xbx+<2b> +yay+<2a> =<2b> +<2a> :><x2b> +<y2a> =4(a+b),

2

~lw

1 1 1
and this is a circle with center ( 5 b, 5 a> and radius 5 a2+b

4
circle has a horizontal tangent and the second a vertical one, so the tangents are perpendicular here.

: L .. I .. ,
68. These curves are circles which intersect at the origin and at ( E a,— > . At the origin, the first

T
For the first circle ( r=asin 6 ), dy/d0 =acos 0 sin 0 +asin 6 cos 0 =asin 260 =a at 0 = 1 and

2 2
dx/df =acos 0-asin 0=acos 20=0 at0= % , so the tangent here is vertical. Similarly, for the second

circle ( r=acos 6 ), dy/df =acos 20 =0 and dx/df =—asin 20 =—a at 0 =

and again the tangents are perpendicular.

s

1 so the tangent is horizontal,

69. r=142sin (0/2) . The parameter interval is [0,47] .
26

—34 C 18
. J
-2

6

70. r= \I 1-0.8sin 6 . The parameter interval is [0,277] .

0.6

]
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in 0
71.r=e —2cos (40) . The parameter interval is [0,277] .
3.5

=3 é 3
2.5

2
72. r=sin (40 )+cos (40) . The parameter interval is [0,277] .
2

f N\

-2

73. r=2-5sin (0/6) . The parameter interval is [-67,677] .

&

74. r=cos (0 /2)+cos (8/3) . The parameter interval is [-67,67] .

2

75.




Stewart Calculus ET 5e 0534393217, 10. Parametric Equations and Polar Coordinates; 10.3 Polar Coordinates

br= 1+ sin§
Fr=1+sin(6—7)

Fr=1+ sin(ﬂ =3

1.4

It appears that the graph of r=1+sin (8 - > is the same shape as the graph of r=1+sin 8 , but

A

o

rotated counterclockwise about the origin by % . Similarly, the graph of r=1+sin <8 Z > is

3
7r
rotated by 3 In general, the

graph of r=f(0 -« ) is the same shape as that of r=£(6) , but rotated counterclockwise through «
about the origin. That is, for any point (r 0,8 0) on the curve r=f(9) , the point (r 0,8 o ) is on the

curve r=f(0 -« , since r =f (90)=f ( (90+0c )—oc ) .

76.

-0.8

From the graph, the highest points seem to have y~0.77 . To find the exact value, we solve dy/d9=0 .
y=rsin 6 =sin 6 sin 260 =

dyldf = 2sin 0 cos 20 +cos 0 sin 20

2
= 2sin 0 (2003 9—1)+cos@ (2sin 0 cos 0)
= 2sin6 (3cos 28—1)

1 ’ 2
In the first quadrant, this is O when cos 0= E &sinf= 3 &

2.4 ﬁEzO.W.

)
y=2sin 6 cos 0=2- 3 \ﬁ_ 9

77.(a) r=sin nf . From the graphs, it seems that when 7 is even, the number of loops in the curve
(called a rose) is 2n , and when 7 is odd, the number of loops is simply 7 .
This is because in the case of n odd, every point on the graph is traversed twice, due to the fact that
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sinnd if niseven

(0 +77)=sin [ n(0 4+71)]=sin nd cos nr+cos néd sin nr= { Csinnd ifnisodd

oS

=2

=

n=3

Rk

n=5
(b) The graph of r=|sin n9 | has 2n loops whether n is odd or even, since r(0 +7)=r(0) .

o

n=2
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KK

n=

s

n=5

78. r=1+csin nf . We vary n while keeping ¢ constant at 2 . As n changes, the curves change in the
same way as those in Exercise 77: the number of loops increases. Note that if n is even, the smaller
loops are outside the larger ones; if n is odd, they are inside.

KK

n=4

S
Il
\S)

2

S
Il

Now we vary ¢ while keeping n=3 . As c increases toward 0 , the entire graph gets smaller (the graphs
below are not to scale) and the smaller loops shrink in relation to the large ones. At c=-1 , the small
loops disappear entirely, and for —1<c<1 , the graph is a simple, closed curve (at ¢=0 it is a circle). As
¢ continues to increase, the same changes are seen, but in reverse order, since

1+(—c)sin nf =1+csin n(6 +7) , so the graph for c=c 0 is the same as that for c=—c 0 with a rotation
through 77 . As c— oo , the smaller loops get relatively closer in size to the

large ones. Note that the distance between the outermost points of corresponding inner and outer
loops is always 2 .
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Maple’s animate command (or Mathematica’s Animate )is very useful for seeing the changes
that occur as ¢ varies.

Ao L G

c=+4 c=-14 c=-1 c=0.8
c=10.2 c=0.5
1-acos 0 : : s _ :
79.r=——— . We start with a=0 , since in this case the curve is simply the circle r=1 .
1+acos 0

As a increases, the graph moves to the left, and its right side becomes flattened. As a increases
through about 0.4 , the right side seems to grow a dimple, which upon closer investigation (with

narrower 6 — ranges) seems to appear at ar20.42 (the actual value is ﬁ—l ). As a— 1, this dimple
becomes more pronounced, and the curve begins to stretch out horizontally, until at a=1 the
denominator vanishes at 6 =7 , and the dimple becomes an actual cusp. For a>1 we must choose our

. . -1 .
parameter interval carefully, since r— oo as 1+acos 0 — 060 — +cos  (~1/a) . As a increases from
1, the curve splits into two parts. The left part has a loop, which grows larger as a increases, and the

right part grows broader vertically, and its left tip develops a dimple when a~?2.42 (actually, \IE +1).
As a increases, the dimple grows more and more pronounced. If a<0 , we get the same graph as we
do for the corresponding positive a— value, but with a rotation through 77 about the pole, as happened

when ¢ was replaced with —c in Exercise 78.
1.1

s N

L
/

s
N

1.1

a=0
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1.5

N
N

\. —1.5 J
a=0.3
0.25
0.413 {/ }0.419
~0.25
a=0.41,]601<0.5
0.2
0.405 D 0.409
~(.2

a=0.42,16<0.5

0.05

0.05 t + 0.1

~0.05

a=0.9,16<0.5

0.00025

—0.00025 0.0025

—0.00025
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a=1,101<0.1

a=2

0.5

2.4184 II 2.4193

—=0.5

a=2.41,|0-7]1<0.2

0.5

2.4084 .. 2.4086

~0.5

a=2.42,10-7]<0.2

2.5

i \
\. L X vy
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80. Most graphing devices cannot plot implicit polar equations, so we must first find an explicit
expression (or expressions) for r in terms of € , a , and ¢ . We note that the given equation is a

L. 2 . .
quadratic in r , so we use the quadratic formula and find that

2 4 2 4 4
2 2c cos 29i'\/4c cos 2974(c -a ) 2 4 4. 2
r= =c cos20+\ a —c sin 20 so

2

r=+ '\/ czcos 20 4 \/ a4—c4sin 228 .

So for each graph, we must plot four curves to be sure of plotting all the points which satisfy the
given equation. Note that all four functions have period 7 .

We start with the case a=c=1 , and the resulting curve resembles the symbol for infinity. If we let a
decrease, the curve splits into two symmetric parts, and as a decreases further, the parts become
smaller, further apart, and rounder. If instead we let a increase from 1 , the two lobes of the curve join
together, and as a increases further they continue to merge, until at a~ 1.4 , the graph no longer has

, , 2 4
dimples, and has an oval shape. As a— oo , the oval becomes larger and rounder, since the ¢ and ¢
terms lose their significance. Note that the shape of the graph seems to depend only on the ratio c/a

while the size of the graph varies as ¢ and a jointly increase.
0.75

=075

(a,c)=(1,1)

0.75
i 1 AS O O ] ‘5

(4,c)=(0.99.1)

0.75

0.75

(a,c)=(0.9,1)

0.75

-0.75
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(a,c)=(0.6,1)

0.75
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dy dyldo

tan 1 =tan (p 0)= tan ¢p —tan 0 _ Ec “tand _ dx/do “tand
I+tan ¢ tan @ 1+d—ytan9 1+M tan 0
dx dx/do
QfﬂtanQ ( 1n9+rc0s9>tan9 (gcosﬁ rs1n9>
do d@ do
T dx dr
d—9+—tan9 ( cosd rsm9>+tan9 <d—9s1n9+r0039>
sin 8
3 reos 047 os 0 ___rcos 8+rsm 8 r
dr cos d’” sin 0 % cos 0+ % sin -0 " drido
do d@ cos 0

0 0 0
82.(a) r=e =-drldf=e ,so by Exercise 81, tan i)=r/e =1=-1)=arctanl= z .

4
(b) The Cartesian equation of the tangent line at (1,0) is y=x-1 , and that of the tangent line at
2\ . /2
(0,6 ) isy=e —x.
N
(0,677
(1,0)_
N AY
=
(c¢) Let a be the tangent of the angle between the tangent and radial lines, that is, a=tan ¢ . Then, by
. r dr 1
Exercise 81 , a= Tr1do = 0= r= r—Ce (by Theorem 10.4.2).
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s x4l 2 4 1 4 1 1 271 1 2
r—\l_0<gz.=f02 do=[ (J_)daf—ada[e]o_

2. rzeg/2 , <0< 21 .Azfiﬂl ( 6/2) do= fzn ! egdﬁ—% [66]72;:% (e%feﬁ)

2
21

3.r=sind , ? .

WA

<0<

- Pl HdH——fz Ja 20)d0 =~ [9—1 i 29]27#3
<3 2 Sin —COS = 4 > sSin 13

_1f2r 1. 4r x 1, 2r | 1) 27 1
43 283 3 MR T3 2

4. r={sin0 ,Ogegﬂ.A#ﬂl (wlsing)de:fg%Sinng:[lcosg]ﬂ %Jr

1 7T
5.r=0 ,0<0<7 . A=[ —HdH [— 3] -

(=]
AN —=

6

6. r=1+sin 6 , ESQSN.

(1+sm 8) do =

us . L2 1 o7 . 1
A= 3 [* (1426in6-+sin 9)d9=2fﬂ/2|:1+231n9+2 (1—cos29)]d9

20 | =2 | aarZ o (2 0eZ0) |22 (L)L 4
Sin20 | =3 [T 2 Ty T2\ 4 ™)7R T

AN e l\)lb—

-1 0-2cos 0 18
> cos 0+ 7

7.r=443sin0 ,- 7 <0<

SR I|

12
a=]" /22(4+3sm8) de——f (16+24sin8+9sin29)d9

/2 .
= —f (16+9sm 20 ) d6 [byTheorems.5.(b)

/2 1
5 2], [ 16+9- 5 (1-cos 29)] do [byTheorems5.5.(a)

—f”’2<ﬂ—2 29>d9—|:ﬂ9—2 i 29]m2—<‘”—”—0>—(0—0)—‘”—”
o \ 2 2 L2 3 o T\ T4 !

4 32 16

9. The area above the polar axis is bounded by r=3cos 8 for =0 to 0 =/2 ( not v ) . By symmetry,

s nid 1 11 T
8. r=sin40 ,0<0 Z .Azfo 5 sin 49d9 f -(1fcos89)d9= ~ 0 %= sin 80 ==
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n/zl 2

A== ao=]" P (3c0s 0Y-do

R 21
=32f§ c0328 d0=9["" 3 (1+cos 20)do

1 /29 s o1
|:9+231n28] =5 |:<2+O>—(O+O):|= 1

r==3cosf

o 1\O

L . .3 . . 3\?2 971
Also, note that this is a circle with radius 5 , SO its area is 71 5 = 7
10.
2711 2 1 2
A f r do= f > [3(+cos )] a0

T 2
1+2cos 8 +cos 0 )d@

fo
J

2 1

0 I: 1+2cos 0 + 5 (I+4cos 28)] do
3
2

[

IO IO IO

. 1 . 27
6 +2sin 0 + = sin 20 0=—7r

4 2

&:\(6,0)
O\j

2
11. The curve r =4cos 20 goes through the pole when 6 =7/4 , so we’ll find the area for 0<0 <7/4
and multiply it by 4 .
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/41 /4
A=4f -r2d9 =2 (4cos 20 )do

=8fg cos 20 d0=4[sin 201" '=4(1 0)=4

s
1

2
12. The curve r =sin 260 goes through the pole when 8 =7/2 , so we’ll find the area for 0< 0 <7/2 and
multiply it by 2 .

jn/Z 1 2

1
A=2 o do= f sin 20 d0 =3 [cos 20 r”

= 5 (1= 5 (2)=1

®.

U

13. One-sixth of the area lies above the polar axis and is bounded by the curve r=2cos 36 for =0 to
0=r/6.

/61 2 6 2
A=6[ "3 (2c0s 30) d0=12[ "cos 30 do

12
2

1 . /6 T
=6[9+6s1n69]0 =6< 6 >=7r

(1+cos 60 )do
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r=2cos 38

X
i
oy

14

27 1 2 1 2 2
A=/ O” 5 (2+cos 20) do=3 [ O”(4+4cos 20 +cos 20)do

=317 (4tacos 2043 4% cos 40 ) do
—2 0 +4C0S +2+2COS

1 9 . 1 . 2
= 0 +2sin 20 + = sin 40
2 8 0

15

27 1 1 2
A=[}7 3 (1425in60) o= [ (1+4sin 60 +4sin 60 )do
1 27 . 1
=3 [ | 1+4sin60+4- 2 (1-cos 120) |do

| .
= fo (3+4sin 60 —2cos 126 )do

3 6 0

|:(67r % -0)- <O % O> :I =3 .

2

1 2 1 . 2
5 30— = cos 60— = sin 120

1

2
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21
A —f - (231n 0 +3sin 90 ) do —ZJZ 5 (2sin 6 +3sin 90 )2d9
=J""(dsin "0-+12sin 0 sin 99 +9sin "90 )do

) 1 2
=fg I: 2(1-cos 20 )+12- 5 (cos (898 )-cos (9 +90 )+ 5 (1-cos 189)] do

/2 9 9
=f 0 (2—2cos 28 +6¢cos 89 —6¢os 100 + 575 cos 180)do

13 ) 3 . 3 . 1 . 213
=|: > 97s1n29+4s1n8975sm 10974sm 189]0 =7 T

/21 2 2
7T d@——fﬂ

17. The shaded loop is traced out from 0=0 to 0 =r/2 . A= f sin *29 do

——f”m 1cos40)do =3 [0~ Ysinao | =1 (2 —E
o 417 4% o Ta\2/)73

1 3 Ax
= sin 60 ] =—
0 3

18. A= f (4sin 36 ) °do = sf sin 39d9_4f (1 cos69)d9=4[96

r=4sin 36

T T
19.r=0= 3cos 50 =0=50== =0=— .

2 10
9 9 /10 o

/10 ) 10 {
A= /102<3C°S59>d9 f "9cos 50d0=3 [ (1+cos 100)d0 =3 [9+1051n109]0 =5
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20. =2 ™ 1 (2005 40 2 a0 =2 (14+c0s 80)do =2 | 0+ sin 80 Lz
.—02(c0s ) —0(+cos )do = +831n 0o~ 1

21.
,
r=1+ 2sin 6 (rect.)
3

r=1+2sinf

117

.. . iy - T
This is a limacon, with inner loop traced out between 6 = 3 and 6

372 1 5
A 2f7ﬂ,62(1+281n9) do f7 /6(1+4sin9+4sin H)da
2 i 1 . 32
=f77r/6 |: 1+4sin 0 +4- > (1-cos 20 ):I d0 =[0 -4cos 0 +20 —sin 20 e
(Z) (Zapop L) 3k
= > 3 + ) =T 7

22. To determine when the strophoid r=2cos 8 —sec € passes

1
through the pole, we solve r=0=-2cos 0 - —— =0=
cos 0

2 2 1 1
2cos 0-1=0=cos == =cosl=4+ —= =
2 2

T 3 T
9=4 ord= 4 for 0<0 < with 0 # 5
7r/41
A= 2f 2cos9 sec@) do = f (4cos 9 —4+sec Q)dH

/4 2 4 2
= f 0 |:4- > (I+cos 20 )—4+sec 0 ] do =f 0 (—2+2cos 20 +sec 0)do
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. /4 T 7T
= [-26 +sin 28+tan9]0 —<— 5 +1+1>—O—2— 5

(1.0

T S

1
23.4sin 0 =2<sin 0= 5 &0= 6 or i (for 0< 0 <27 ). We’ll subtract the unshaded area from the

shaded area for 7/6< 60 < /2 and double that value.

2 1 . 2 21 2
n/6§(4s1n9)d972fﬂ/62(2)d9_2f

a2 1

o3 [ (4sin0)? 22 a0

A=2f
/2 L2 /2
=/ 6(16s1n 6-4)de =" [8(1-cos 20)-4]do

/2 X /2
= _(4-8c0s 20)d0 =[46 -4sin 20]

= (271—0)—( n 4. E >= g 7+243

3 2

24. 1-sinfd=1=sin 0=0=0=0 or m=

A= fi”% [(lsinQ)zl]d9=%fiﬂ(sin2923in9)d9

AN

2 .
= fﬂ (1—cos 20 —4sin 0 )d6 =

1 2T
I:H = sin 260 +4cos 0 :|
2 T

BRl— Nl

T+2
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25. To find the area inside the leminiscate r =8cos 26 and outside the circle r=2 , we first note that
1

) 2 . 1
the two curves intersect when r =8cos 20 and r=2; i.e., when cos 26 = 5 .For <0 <m,cos20= 5

&20=+m/3 or +571/3<0=+7/6 or £57/6 . The figure shows that the desired area is 4 times the
area between the curves from O to 77/6 . Thus,

6 1 1 16
A=4f] [ 5 (8cos 20)- 5 (2)2] do=8 " (2cos 20 1)do

= 8[sin 20017 =8 (3/2 7/6) =43 413

2
26. To find the area inside the leminiscate r =8cos 26 and outside the circle r=2 , we first note that
2 1 1
the two curves intersect when r =8cos 20 and r=2; i.e., when cos 26 = 5 .For <0 <m,cos20= 5
&20=%m/3 or £57/3<0=+7/6 or £57/6 . The figure shows that the desired area is 4 times the

area between the curves from O to 77/6 . Thus,

It 1 16
A= 4fg [ 5 (8cos 20 )— 5 (2)2] do =8fg (2cos 20-1)do

= 8[sin20 0] =8 ({3/2 1/6) =43 47/3
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27.3cos 0=1+cos 0 < cos 0=

A
)
Il
w
o
(e
|
WA

31
A= 2fg 5 [(3c039)2—(1+0038)2]d9
/3
= fg (8cos 28 -2cos H—I)dH
/3
= IO [4(1+co0s 20)2cos 0 -1]do
/3
= fg (3+4cos 20 -2cos 0 )do

/3
= [30 +2sin 20 2sin 0 ]g

= 33

o
|
wiy

r=1+cos @

r=3cos 6
28. Note that r=I1+cos 8 goes through the pole when 6 =7 , but r=3cos 8 goes through the pole when
O=m/2 .

1 2 m/2 1 2
A=l 5 (I+cos 0) do 2 5 (3cos 0 do

™ | 142008 0+ 2 (1408 20) | d0- 2 [ (14c0s 20)do
=) 3| 1+2cos +2(+c0s ) -5 71/3( +cos 20)

_ 1 1 _ T 9 1 _ /2
=|:6’+2s1n9+2 <9+2sm29>] P |:9+2sm29i|ﬂ/3

(- 50) 3 (5 46)-3
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r=1+cosb

r=3cos#
29.
A 2f —sm %0 do = f lcos29)d9
1 1 T4 o1
=5 [92s1n29]0 =3 |:<42-1>(00)]
_L1 1
8 4

30. r=sin 20 takes on both positive and negative values. sin 0= ] 20 =+ 2sin 6 cos 0 =

1
sin @ (1+2cos 0 )=0 . From the figure we can see that the intersections occur where cos 0 =+ 5 »or
U 2

/3 1
A=2[f0 5 sin 9d9+j sm 29d9]

—f§ 2(1 00829)d9+f -(1—cos49)d9

1 1 3o 1 2 433
= - [9—-sin28]0 +3 [9——sin49] _4r 33

2 2 4 /3 16
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sin 20
31. sin 20 =cos 20 = —29=1:>tan29 ==

20="0="
47 ‘8

A= 82f —sm %20 do = Sf -(l—cos48)d8

30, 26in 20=1 = sin 20= & 220=2 or & gL on XL
Sll'l :>sm —2:> —6 or 6 = 12 or 12 .
/121 JZ|
A= 4[[” > 2sm29d9+f”/122( )d@]
/12 /4
= 2c0328] [29]7T/12
B 11
——2< 2—1>+2<47T 127T>
=02 3+Z2

3
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—1/6 71 2
A=2|:f ”/22 (3+2sin0) do+[" 632 d@]

_f (9+1231n 0 +4sin 9 )d@ +[40 ]

7T/6 87r 19_7r 1143

=[96-12cos 0 +20 s1n29] *3=3

r=3+2sinf

34 Leta=tan ' (bla) . Then

A foa (asin ) d8+f bcos@) do

N Ry albzal'ze ”
== d 2Sln 0+4 +2SIH

24
1 2 2y 1 21 ,
=4oc(a b)+87rb—4 a+b)(smoccosoc)
1 (2 2 -1 1 21
=4(a -b )tan (b/a)+87rb—4ab
r=asinf

6= tan"'(b/a)

r="hbcos @
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1 1
35. The darker shaded region (from 6 =0 to 6 =277/3 ) represents 5 of the desired area plus 5 of the

1
area of the inner loop. From this area, we’ll subtract 5 of the area of the inner loop (the lighter

shaded region from 8 =27/3
to 8 =m ), and then double that difference to obtain the desired area.

w3l (1 2 o 1 /1 2
A=2|:f0 > (§+0058> de_onBE (§+COSQ> d8:|

27/3 (1 2 n 1 2
=f0 (Z+cos9+cos 9>d9f2ﬂ/3<z+cosﬁ+cos 9>d9

273 1 1
=j0 [4+cos9+2(1+cos29) do

(™| L rcos o+ 2 (14cos 20) | a0
Vo +cos +2(+c0s )

27T 4 |
0 0 sin20 |23 [0 6 sin20 |7

=|:4+s1n9+2+ 1 :|0 f_4+s1n9+2+ 1 :|27T/3

(=, B,z B (z.z\,(z, B,z B )

‘(6+ 2 "3 8 > <4+2>+<6+ 2 "3 8

(m+3y3)

=y i
36. r=0= 1+2cos 360 =0= cos 39=% :>39=2?7T , 4—; (for 0< 39§27r):>9=2§ , %T . The
darker shaded region (from 6 =0 to 8 =271/9 ) represents % of the desired area plus % of the area of

1
the inner loop. From this area, we’ll subtract > of the area of the inner loop (the lighter shaded

region from 0 =271/9 to € =71/3 ), and then double that difference to obtain the desired area.

31 2
" —(1+200s39)d9:|

2719 1 2
A=2 [j ! 5 (I+2c0s 30y d0 [ =

0
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2 2 1
= (1+2cos 30) =1+4cos 30 +4cos 30 =1+4cos 30 +4- > (1+cos 60)
= 1+4cos 30 +2+2cos 60 =3+4cos 30 +2cos 60

4 1
and [ do =30+ 7 sin 30+ 3 5in 60+C , 50

4 1 271/9 4
A=|:39+—sin39+—sin69] |:39+—s1n39+—s1n69]
3 3 0 3 271/9
L (530 ) o] [oo (B3 85 7 ) ]
373 00\ T 377 T3

4r 4 — 1
:%+§-J§§J§7T=%+‘J§

> the

37. The two circles intersect at the pole since (0,0) satisfies the first equation and <O,

NS I}

second. The other intersection point ( T 1 > occurs where sin 6 =cos 0 .

r=sin 6

NG
s 3 .
38.2c0s 20=+2=cos20=+1=60=0, = ,m ,or —= , so the points are (2,0) , <2,

2 2
3t
and (2, > > .

NI

). ).
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r=2cos26

N—

T
39. The curves intersect at the pole since (O, 5 satisfies r=cos 6 and (0,0) satisfies r=1-cos @ .

1 % St . . .
Now cos 0 =1-cos 0 = 2cos 0 =1=-cos 0= 5 =0= 303 = the other intersection points are

3
La\ (15
2°3 )™\ 203 )
r=1-—-cosé

\_

40. Clearly the pole lies on both curves. sin 360 =cos 30 = tan 30 =1=- 30 =

7T

7 ( n any integer) =

12 4

51 3 L ) ) 1 7
— ,or — , so the three remaining intersection points are [ —=,— |,
ﬁ 12
1 3z
274 )7

41. The pole is a point of intersection. sin 8 =sin 20 =2sin 0 cos 6 < sin 6 (1-2cos 8 )=0<sin 6 =0 or

1 us T E us E 2
cos9—2:>8—0,7r, 3 ,—3:>< 73 ) and< R )(bysymmetry)aretheother

intersection points.
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s

42. Clearly the pole is a point of intersection. sin 20 =cos 20 = tan 20 =1=-20= 1

+2n7 (since sin 20

e : %t s
and cos 20 must be positive in the equations) =60=7 +nt=0="7 or . So the curves also

8 8 8
intersect at

GEh)=(5%)

r? = cos 20

43.

- =26

- r =1+ sinf

—14 14

3 }’=2X

\/' y=1+sinx

B e e Ik

\. S

From the fii‘st graph, we see that the pole is one point of intersection. By zooming in or using the
cursor, we find the 6 - values of the intersection points to be o ~0.88786~0.89 and 7-a ~2.25 .
(The first of these values may be more easily estimated by plotting y=1+sin x and y=2x in rectangular
coordinates; see the second graph.)
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